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Popular Frequentist Inference Methods

® Minimum Distance (MD) Estimation: minimize discrepancy between sample statistics
mr(Y) and model-implied population statistics E[fi+(Y)|6, My]:

Oma = argmingee Qr(0]Y) = [|Ar(Y) — E[Mr(Y)|0, Mi]|],,, -

® Maximum likelihood (ML) Estimation:

N

Omi = argmaxycg log p(Y10, My).

Impulse Response Function Matching.
® Generalized Method of Moments (GMM) Estimation.
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Simulated Minimum Distance (MD) Estimation

* From now on: drop “tilde” from Y in E[A7(Y)]].

Minimize discrepancy between sample moments of the data mi7(Y) and model-implied
moments E[mir(Y)|0, My]:

émd = argmingcgo QT(9|Y) = H’?’T(y) - E[’ﬁT(Y)w’ Ml]HWT’

Example 1:
o mr(Y) =1 X yeyioa.
* Derive E[f7(Y)|0, Mi] = + 3" E[yey/ 1|0, Mi] = E[yy1|0, Mi] from state-space
representation of DSGE.

Example 2:

mr(Y) is OLS estimator of, say, a VAR(1).

Not feasible to compute E[fi7(Y)|0, M1] directly.

Use simulation approximation for K[ (Y)|6, My].

Or, replace by probability limit as T —s oo which is (E[y:—1y/_1]0, Mi]) " Ely:_1y{|0, Mi].
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Simulated Minimum Distance Estimation: Illustration

® Choose a set of “true” parameters.

® Fix all parameters except for the Calvo parameter (, at their “true” values and use the
MD approach to estimate (.

® Definition of mr(Y):
® ye = [log(Xe/Xe1), me]
® Use VAR(2) in output growth and inflation:
ye = Pryr—1 + Poyr—2 + $o + ur.

® Let Mr(Y) = ® be the OLS estimate of [®1, 2, d]’.
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Simulated Minimum Distance Estimation: Implementation

Objective Function:

Qr(01Y) = ||mr(Y) = E[mr(Y)l0, Mi]||,,. -

® Given a #, we simulate N = 100 trajectories of length T + Ty, discard the first Ty
observations, and define:

]E[’ﬁ( )0, Mi] = — ZmT(Y

(Optimal) weight matrix: Wy =31 ® X’X, where X is the matrix of VAR (2) regressors
and X estimates covariance matrix of the VAR innovations.

® Use same random number seed for simulation as minimization routine varies 6.

Alternative: use population moments (E[x.x{|6, Ml]))_l]E[xtyﬂQ, M] in objective
function.

Frank Schorfheide Frequentist Estimation



Sampling Distribution of (, g
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Notes: We simulate samples of size T = 80 (dotted) and T = 200 (dashed) and compute two versions of an
MD estimator for the Calvo parameter (,. All other parameters are fixed at their “true” value. The plots depict
densities of the sampling distribution of (Apymd. The vertical line indicates the “true” value of (p.
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Simulated Minimum Distance Estimation: Asymptotics

Sampling distribution of MD estimator can be approximated based on a Central Limit
Theorem.

Calculations are a bit more complicated because asymptotic variance has to reflect
simulation approximation.

Will lead to standard errors that can be used for t-tests and confidence intervals.

Sampling distribution can be derived under assumption that:

® DSGE model My is “true” or

® a reference model My, e.g., VAR, is “true.”
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Likelihood Function

® Likelihood function plays a key role in frequentist and Bayesian inference.

® We will spend some time on how to evaluate this function.
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Recall: State-Space Representation of DSGE Model

State-space representation:

ye = Wo(0)+ Vi(0)s;
St = (D]_(G)Stf]. + qDE(H)Gt

System matrices:

log v
log(Ish kpp/B rkp¥p/B pzp
vo(e) = M) \Zi(;*) B L T
log(r* v/ 6) 1—4ppy 1—ppx 1— ppz
X X\ xz 41 Xep -1
141+ v)x (1 + v)xy A+ v)x (1 + vixeq 0
Vi) = My A ekg) () (v +rp(l+ Vixep 0
3 < 3
ﬁ%(lﬂl*-wxw 1%’%(1+<1+V)XA) r"”_-"é%(uy)xz (kp(l+ v)xer/B+oR) 0
by O 0 ) og O o o
0 py O ) 0 oy 0 0
o1(0) = 0 6 pz 0 0 |,e0)=| o 6 o, o0
0 0 0 o o 0 0 0o 1
Xp XA Xz Xep O 0 0 0 0

M}'/ is an ny X 4 selection matrix that selects rows of W and Wy.
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State-Space Representation and Likelihood

® Measurement:
ye = Vo(0) + W1(0)t + Vy(0)s:  +uy
optional
® State transition:
St = ¢1(0)5t71 + ¢€(9)6t

® Joint density for the observations and latent states:

;
H P(Ye, S| Yi:e—1, S1:6-1,0)

t=1
T

[T p(yelse, 0)p(selse-1.6).
t=1
® Problem: we need the marginal p(Y1.7|9).
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Filtering - General Idea

® State-space representation of linearized DSGE model

ye = Wo(0)+V1(0)t + Vy(0)si(+u:) measurement
st = ®1(0)st—1 + P (0)e: state transition
® Likelihood function:
T
P(Yl:T|9) = H P()/t| Y1it-1, 9)
t=1

e A filter generates a sequence of conditional distributions s;|Y7.;.
® [terations:
® [nitialization at time t — 1: p(s¢—1|Y1:t—1,6)
® Forecasting t given t — 1:
@ Transition equation: p(s¢|Y1.t—1,0) = [ p(stlst—1, Yi:t—1,0)p(st—1|Y1:t—1,0)dst—1
@ Measurement equation: p(y¢|Y1.c—1,0) = [ p(ytlst, Yi:e—1,0)p(st| Y1:e—1,0)dst
® Updating with Bayes theorem. Once y; becomes available:

p(yelse, Yie—1,0)p(se| Yiie—1,0)
st| Yie,0) = p(selye, Yie—1,0) =
,D( tl 1t ) p( tlyt Lt—1 ) p(yt|yl:t7139)
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Kalman Filter (Linear+Gaussian) and

Particle Filter (Fully Nonlinear)

® |f the DSGE model is log-linearized and the errors are Gaussian, then the Kalman filter can
be used to construct the likelihood function (see summary below).

® Alternatively, one can compute the likelihood by sequential numerical integration which is
done for DSGE models that have been solved nonlinearly. The algorithm is called particle
or sequential Monte Carlo filter (See Chapter 8 of Herbst and Schorfheide (2015) for

details).
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Kalman Filter

State-space model:

Ye = Vst +uy, st = P51+ ¢,

er ~ iidN(0, X),

ug ~ iidN(0, H).

All conditional distributions are Normal, track means and variances:

Distribution

Mean and Variance

5t—1|(Y1:t—179) N(gt—l\t—h Pt—1|t—1)

5t|(Y1:t—179) N(S_'t\t—h Pt\t—l)
yt|(Y1:t—170) N()_/t\t—lv Ft|t—1)
5t|(Yl:t79) N(gt\t: Pt\t)

Given from lteration t — 1

§t|t—1 = ¢1§t—1|t—1

Pye—1 = P1Pr_1jp— 197 + P L D,
)_’t|t—1 =Wy + Vit + w2§t|t—1
Ft|t—1 = \U2Pt\t—lwl2 +X,

§t|t :gt\t 1+ Pt|t 1\U Ft|t 1( )7t|t 1)
Pt\t - Pt|t 1= Pt|t 1\|/2Ft|t 1\U2Pt\t 1

Note: Without measurement errors it is important that there are at least as many structural
shocks €; as observables y;. If not, the forecast error covariance matrix F;;_; is non-invertible.

Frank Schorfheide Frequentist Estimation



Maximum Likelihood Estimation

® Recall definition of likelihood function: p(Y'|#) as function of 8 given Y. It's convenient
to take logs and work with £7(8|Y) = log p(Y|6).

® Decomposition:

T T
(r(0)Y) = Z log p(yt|Y1:t-1,0) = Z |°g/P(Yt|5ta 0)p(st| Y1:t—1)ds:.
t=1

t=1

® Maximum likelihood (ML) estimator

~

Omi = argmaxycg log p(Y19).
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Maximum Likelihood Estimation: Experiment

Treat values in Table as “true” parameters.

Fix all parameters except for the Calvo parameter (, at their “true” values and use the
ML approach to estimate (p.

Use Kalman filter to evaluate likelihood function.

® Data: output growth, labor share, inflation, and interest rate data.
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Log-Likelihood Function and Sampling Distribution of (,

Log-Likelihood Function Sampling Distribution
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Notes: Left panel: log-likelihood function £1((p|Y) for a single data set of size T = 200. Right panel: We
simulate samples of size T = 80 (dotted) and T = 200 (dashed) and compute the ML estimator for the Calvo
parameter (. All other parameters are fixed at their “true” value. The plot depicts densities of the sampling
distribution of (,. The vertical lines in the two panels indicate the “true” value of (.
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Maximum Likelihood Estimation: Asymptotics

® Standard error estimates for t-tests and confidence intervals for elements of the parameter
vector # can be obtained from the diagonal elements of the inverse Hessian:

[-Vaer (0],

of the log-likelihood function evaluated at the ML estimator.
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Maximum Likelihood Estimation: Stochastic Singularity

® Imagine removing all shocks except for the technology shock from the stylized DSGE
model, while maintaining that y; comprises output growth, the labor share, inflation, and
the interest rate.

® — one exogenous shock and four observables.

DSGE model places probability one on
Blog R — logm; = 3 log(m*~/B) — log 7*.

— Not consistent with actual data!

Remedies:

® “measurement error’” approach;
® “more structural shocks” approach.
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Maximum Likelihood Estimation: Lack of Strong Identification

® In many applications it is quite difficult to maximize the likelihood function:
® |ocal extrema and/or weak curvature in some directions of the parameter space;
® may be a manifestation of identification problems.
® Fix some parameters?
® |dentification robust-inference, e.g.:
® ¢ is (identifiable) reduced-form parameter. Model implies ¢ = ().
® Hy: 6 =0 can be translated into Hy : ¢ = f(6p). Likelihood ratio (LR) statistic is
LR(Y60) = 2[ log p(Y |, M{’) — log p(Y|f(60), M{’)] = Xgtim(s)-
® Confidence interval:

CS(Y) = {0 | LR(Y10) < X2},
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