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Abstract

Existing asymptotic theory for inference in nonparametric series estimation typ-
ically imposes an undersmoothing condition that the number of series terms is suf-
ficiently large to make bias asymptotically negligible. However, there is no formally
justified data-dependent method for this in practice. This paper constructs inference
methods for nonparametric series regression models and introduces tests based on the
infimum of t-statistics over different series terms. First, I provide a uniform asymp-
totic theory for the t-statistic process indexed by the number of series terms. Using
this result, I show that test based on the infimum of the t-statistics and its asymptotic
critical value controls asymptotic size with undersmoothing condition. Using this test,
we can construct a valid confidence interval (CI) by test statistic inversion that has
correct asymptotic coverage probability. Even when asymptotic bias terms are present
without the undersmoothing condition, I show that CI based on the infimum of the
t-statistics bounds coverage distortions. In an illustrative example, nonparametric es-
timation of wage elasticity of the expected labor supply from Blomquist and Newey
(2002), proposed CI is close to or tighter than those based on the standard CI with
possibly ad hoc choice of series terms.
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1 Introduction

Nonparametric series estimation has received attention in both theoretical econometrics and

applied economics. I consider the following nonparametric regression model;

Yi = go(wi) + &,

1.1
E(gilx;)) =0 (1.1

where {y;, z;}", is i.i.d. with scalar response variable y;, vector of covariates z; € R% and
go(x) = E(y;|x; = z) is the conditional mean function. Examples falling into the model (1.1)
include nonparametric estimation of the Mincer equation, gasoline demand, and labor sup-
ply function (see, among many others, Heckman, Lochner and Todd (2006), Hausman and
Newey (1995), Blomquist and Newey (2002), Blundell and MaCurdy (1999), and references
therein). Addressing potential misspecification of the parametric model, nonparametric se-
ries methods have several advantages, as they can easily impose shape restrictions such as
additive separability or concavity, and implementation is easy because the estimation method
is least squares. However, implementation in practice requires a choice of the number of se-
ries terms, K. Estimation and inference may largely depend on its choice in finite samples.
Moreover, required K may vary with different data sets to accommodate the smoothness
and nonlinearity of unknown function and different sample sizes, as well as whether the goal
is estimation or inference.

Existing theory for the asymptotic normality and valid inference imposes so-called un-
dersmoothing (i.e., overfitting) condition that is a faster rate of K than the mean-squared
error (MSE) optimal convergence rates to make bias asymptotically negligible relative to
variance. The undersmoothing condition has been imposed, particularly for valid inference,
in many nonparametric series methods both in theory and in practice, as there is no theory
for bias-corrections available to date. Ignoring asymptotic bias with the undersmoothing
assumption, one can apply the conventional confidence interval (CI) using the standard nor-
mal critical value with estimates and standard errors based on some choice of “sufficiently
large” K. However, the asymptotic theory does not provide specific guidelines for choosing
a “large” number of series terms to make bias small in practice. With given sample sizes n,
some possibly ad hoc methods in practice select K = K -n" with some pre-selected K and
a specific rate of v that satisfies the undersmoothing level. However, there is no formally
justified data-dependent method to choose K that gives the desired level of undersmoothing
in series regression literature.

Due to these unsatisfactory results for the inference procedure both in theory and prac-

tice, a specification search seems necessary, i.e., search over different series terms K € [K, K].



For example, a researcher may use quadratic, cubic, or quartic terms in polynomial regres-
sion, or try a different number of knots in regression spline to see how the estimate and
standard error change. Moreover, some data-dependent selection rules that are valid for
estimation (such as cross-validation or Akaike information criterion (AIC)) and some rule-
of-thumb methods that are suggested for inference, also require evaluating estimates with
different K's. If researchers evaluate different specifications with different number of series
terms and/or select one specific specification as a baseline model, it is not clear how this
randomness affects standard inference.

In this paper, I construct inference methods in nonparametric series regression given the
range of different series terms. I consider the testing problem for a regression function at a
point and introduce tests based on infimum of the studentized t-statistics over different series

terms. To describe intuition heuristically, we may decompose infimum t-statistic as follows

Bias(K)

lgf ‘Tn(K)‘ ~ lgf ’N(O, 1) + SE—W‘

where T, (K), Bias(K), S.E.(K) denote t-statistic, bias and standard error of the series esti-
mator using K terms, respectively. The test based on infimum t-statistics and searching for
small t-statistics have a similar motivation to the one on which the undersmoothing condi-

tion is theoretically based: using faster rates of K than the optimal MSE rate (using “large”

Bias(K)
" SE(K)’
Many papers in nonparametric series estimation literature typically suggested to increase

small.

K that has a small bias and large variance), so that make the second term

the number of series terms and include additional terms than those cross-validation chooses,
especially for inference (for example, see Newey (2013), Newey, Powell and Vella (2003)).
I formally justify this conventional wisdom by introducing the infimum test statistic, and
provide an inference method based on its asymptotic distribution, although I do not consider
data-dependent methods that satisfy desired undersmoothing rates in this paper.

For this, I first provide a uniform asymptotic theory for the t-statistic process indexed by
the number of series terms. Existing asymptotic normality of the t-statistic in the literature
holds under a deterministic sequence of K — oo as the sample size increases. The main
contribution of this paper is to derive the asymptotic distribution theory for the entire
sequences of t-statistics over a range of K.

Using this result, I show that test based on the infimum of the t-statistics and its asymp-
totic critical value control the asymptotic size (null rejection probability) with the under-
smoothing condition for all Ks in a set. Allowing asymptotic bias without the undersmooth-
ing condition, I also analyze the effect of bias on the asymptotic size of the test. Even when

asymptotic bias terms are present, the test based on the infimum t-statistic bound the size



distortions, in the sense that the asymptotic size is bounded above by the asymptotic size
of a test with single t-statistic that has the smallest bias. The infimum t-statistic is less
sensitive to the asymptotic bias; it naturally excludes small K with large bias and selects
among some large K's under the null.

I also construct a valid pointwise confidence interval for the true parameter that has
nominal asymptotic coverage probability by test statistic inversion. The proposed CI based
on infimum test statistic can be easily constructed using estimates and standard errors for
the set of K's. It is obtained as the union of all CIs by replacing the standard normal critical
value with the critical value from the asymptotic distribution of the infimum t-statistic.
We can approximate the asymptotic critical value using a simple Monte Carlo or weighted
bootstrap method. I find that our proposed CI performs well in Monte Carlo experiments;
coverage probability of the CI based on the infimum t-statistic is close to the nominal level in
various simulation setups. I also find that proposed CI bounds the coverage distortions even
when asymptotic bias is present similar to the asymptotic size results. As an illustrative
example, I revisit nonparametric estimation of wage elasticity of the expected labor supply,
as in Blomquist and Newey (2002).

As a by-product of the joint asymptotic distribution results, this paper also provides a
valid CI after selecting the number of series terms. By adjusting the conventional normal
critical value to the critical value from supremum of the t-statistics over all series terms,
this gives a valid post-selection CI that has a correct coverage with any choice of K among
some ranges. By enlarging the CI with critical values larger than the normal critical value,
this post-selection CI can accommodate bias, although it does not explicitly deal with bias
problems. I expect this lead to a tighter CI than those based on the Bonferroni-type critical
value, as I incorporate the dependence structure of the t-statistics from our asymptotic
distribution theory.

I also investigate inference methods in partially linear model setup. Focusing on the
common parametric part, choice problems also occur for the number of approximating terms
or the number of covariates in estimating the nonparametric part. Unlike the nonparametric
object of interest that has a slower convergence than n'/? rate (e.g., regression function or
regression derivative), t-statistics for the parametric object of interest are asymptotically
equivalent for all sequences of K under standard rate conditions, in which K increases much
slower than the sample size n. To fully account for dependency of the t-statistics with
the different sequences of Ks in the partially linear model setup, this requires a different
approximation theory than standard first order approximation results. Using the recent
results of Cattaneo, Jansson, and Newey (2015a), I develop a joint asymptotic distribution of

the studentized t-statistics over a different number of series terms. By focusing on the faster



rate of K that grows as fast as the sample size n and using larger variance than the standard
variance formula, we are able to account for the dependency of t-statistics with different Ks. I
also propose methods to construct Cls that are similar to the nonparametric regression setup
and provide their asymptotic coverage properties. Potential empirical applications include,

but are not limited to, estimation of the treatment effect model with series approximations.

1.1 Related literature

The literature on nonparametric series estimation is vast, but data-dependent series term
selection and its impact on estimation or inference is comparatively less developed. Perhaps
the most widely used data-dependent rule in practice is cross-validation. Asymptotic opti-
mality results have been developed (see, for example, Li (1987), Andrews (1991b), Hansen
(2015)) in terms of asymptotic equivalence between integrated mean squared error (IMSE)
of the nonparametric estimator with [A(CV selected by minimizing the cross-validation crite-
rion and IMSE of the infeasible optimal estimator. However, there are two problems with
cross-validation selected K. v for the valid inference. First, it is asymptotically equivalent to
selecting K to minimize IMSE, and thus it does not satisfy the undersmoothing condition
needed for asymptotic normality without bias terms. Therefore, a t-statistic based on [A(CV
will be asymptotically invalid. Second, l?cv selected by cross-validation will itself be ran-
dom and not deterministic. Thus, it is not clear whether the t-statistic based on IA(CV has a
standard asymptotic normal distribution which is derived under a deterministic sequence of
K.

Important recent papers by Horowitz (2014), Chen and Christensen (2015a) develop
the state-of-the-art data-dependent methods in the nonparametric instrumental variables
(NPIV) estimation (see also other references therein). They develop data-driven methods
for choosing sieve dimension in that resulting NPIV estimators attain the optimal sup-norm
or L? norm rates adaptive to the unknown smoothness of go. In this paper, we focus on the
inference problem rather than estimation with the similar issues arising from cross-validation.

Moreover, this paper is also closely related to the previous methods that conceptually
require increasing K until t-statistic is “small enough”. For example, among many others,
Newey (2013) suggested increasing K until standard errors are large relative to small changes
in objects of interest, and Horowitz and Lee (2012) suggested increasing K until variance
suddenly increases. They discuss these methods work well in practice and simulation for
the inference. Using similar ideas, we account the randomness introduced in the first step
specification search by providing formal inference methods based on asymptotic distribution

results of the infimum test statistic.



Several important papers have investigated the asymptotic properties of series (and
sieves) estimators, including papers by Andrews (1991a), Eastwood and Gallant (1991),
Newey (1997), Chen and Shen (1998), Huang (2003a), Chen (2007), Chen and Liao (2014),
Chen, Liao, and Sun (2014), Belloni, Chernozhukov, Chetverikov, and Kato (2015), and
Chen and Christensen (2015b), among many others. Under i.i.d. or weakly dependent data,
they focused on Sup/ L?-norm convergence rates, asymptotic normality of series estimators,
and pointwise/uniform inference on linear/nonlinear functionals under a deterministic se-
quence of K. This paper extends the asymptotic normality of the t-statistic under a single
sequence of K to the uniform central limit theorem of the t-statistic for the sequences of K

1/2 rate) and

over a set, and focuses on a pointwise inference on irregular (i.e., slower than n
linear functional of go(x) under i.i.d. data.

For the kernel-based density or regression estimation, the data-dependent bandwidth
selection problem is well known. Several rule-of-thumb methods and plug-in optimal band-
widths have been proposed (see Héardle and Linton (1994), Li and Racine (2007) for refer-
ences). Recent paper by Calonico, Cattaneo and Farrell (2015) compared higher-order cover-
age properties of undersmoothing and explicit bias-corrections, and derived coverage optimal
bandwidth choices in kernel estimation. See also Hall and Horowitz (2013), Schennach (2015)
and references therein for various recent work on related bias issues and nonparametric in-
ference for the kernel estimator. Unlike the kernel-based methods, little is known about the
statistical properties of data-dependent selection rules (e.g., rates of IA(CV) in series estima-
tion and asymptotic distribution of nonparametric estimators with data-dependent methods.
In general, the main technical difficulty arises from the lack of an explicit asymptotic bias
formula for the series estimator (see Zhou, Shen, and Wolfe (1998) and Huang (2003b) for
exceptions with some specific sieves). Thus, it is difficult to derive an asymptotic theory for
the bias-correction or some plug-in formula compare with kernel estimation.

A novel recent paper that is concurrent with this paper, Armstrong and Kolesar (2015)
considered inference methods in kernel estimation with bandwidth snooping. Focusing on
the supremum of the t-statistics over the bandwidths, they developed confidence intervals
that are uniform in bandwidths. Considering supremum statistic is motivated by the sensi-
tivity analysis as a usual correction for the multiple testing problem. Moreover, considering
different bandwidths and the test based on the supremum of the studentized t-statistics has
been used to achieve adaptive inference procedures when smoothness of the function is un-
known (See Horowitz and Spokoiny (2001), and also Armstrong (2015)). Although this paper
has analogous results with Armstrong and Kolesar (2015) in series estimation considering
supremum of the t-statistics (see Appendix C), the main focus of this paper are asymptotic

bias and the undersmoothing condition and their effect on the coverage of Cls, which may



be crucial in series estimation.!

The outline of the paper is as follows. I first introduce basic nonparametric series regres-
sion setup in Section 2. In Section 3, I provide an empirical process theory for the t-statistic
sequences over a set. Section 4 introduces infimum of the t-statistic and describes the asymp-
totic null distributions of the test statistic. Then, I provide the asymptotic size results of
the test and implementation procedure for the critical value. Section 5 introduces Cls based
on the infimum test statistic and provides their coverage properties. Section 6 analyzes valid
post-model selection inference in this setup. Section 7 extends our inference methods to the
partially linear model setup. Section 8 includes Monte Carlo experiments in various setups.
Section 9 illustrates proposed inference methods using the nonparametric estimation of wage
elasticity of the expected labor supply, as in Blomquist and Newey (2002), then Section 10
concludes. Appendix A and B include all proofs, figures and tables. Appendix C discuss

inference procedures based on the supremum of the t-statistics.

1.2 Notation

I introduce some notation will be used in the following sections. T use ||A|| = +/tr(A’A) for
the euclidean norm. Let A (A), Mpaz(A) denote the minimum and maximum eigenvalues
of a symmetric matrix A, respectively. o,(-) and O,(-) denote the usual stochastic order
symbols, convergence in probability and bounded in probability. %5 denotes convergence
in distribution and = denotes weak convergence. I use the notation a A b = min{a, b},
a Vb= max{a,b}, and denote |a] as a largest integer less than the real number a. For two

sequences of positive real numbers a,, and b,, a, < b, denotes a,, < cb, for all n sufficiently

large with some constant ¢ > 0 that is independent of n. a, =< b, denotes a, < b, and
b, < a,. For a given random variable {X;} and 1 < p < oo, LP(X) is the space of all
LP norm bounded functions with ||f||z» = [E]|f(X:)|[P]"/? and ¢>°(X) denotes the space of
all bounded functions under sup-norm, ||f||sc = sup,cx |f(2z)| for the bounded real valued
functions f on the support X. Let also Ry = {x € R: z > 0}, R, . = R U {400},
Rito) = RU {400} and Rppo) = RU {+00} U {—00}.

'We may also consider other types of test statistics that is robust to the bias (for example, “median” of
the t-statistics). Any types of test statistics that are continuous transformation of joint t-statistics with its
appropriate critical value leads to the tests that control the asymptotic size with undersmoothing.



2 Nonparametric series regression

[ first introduce the nonparametric series regression setup in model (1.1). Given a random
sample {y;, z;}?_,, we are interested in the conditional mean go(z) = E(y;|z; = =) at a point
r € X C R%. All the results derived in this paper are pointwise inference in x and I will
omit the dependence on z if there is no confusion.

We consider sequence of approximating model indexed by number of series terms K =
K(n). Let gk (x) be an estimator of go(x) using the first K vectors of approximating func-
tions Pk (x) = (p1(x), -, pk(x)) from basis functions p(x) = (p1(x), p2(z),---)". Standard
examples for the basis functions are power series, fourier series, orthogonal polynomials (e.g.,
Hermite polynomials), or splines with evenly sequentially spaced knots. Basis functions may
come from set of large number of potential regressors and/or their nonlinear transformations.

Series estimator gk (x) is then obtained by standard least square (LS) estimation of y;

on regressors Py
gx(7) = Px()Bx,  Bx = (P¥'PF)'PNY (2.1)

where Pr; = Pg(x;) = (pi(wi), pa(w:), -+, pr(2:))', P = [Pra, -+, Prnl, Y = (Y1, ).
We can think of gx(z) as an estimator of the best linear L? approximation for go(z),
i.e., Px(x)' Sk where fx can be defined as the best linear projection coefficients S =
(E|Py;Py;]) ' E[Priy;). For some x € X, define the approximation error using K series
terms as 7k () = go(x) — Px(x)'Bk. Also define rg; = ri(z;), pi = p(x;) = (p1i,p2iy -+, )
We can write the model using K approximating terms as the following projection model

Yi = PP +éexi,  ElPieki] =0 (2.2)

where e = i + &5
For simplicity of notation, I define the true regression function at a point as 6y = go(z).

Let gK = gk (z) and O = Pk (x)' Bk. Define the asymptotic variance

VK = VK(.CE) = PK(.]Z),Q[_(lQKQ[_{lPK(.%’),

(2.3)
Qx = E(PkiPl;), Qx = E(Py;Pycl)

where QI}lQ KQI_(I is the conventional asymptotic covariance formula for the LS estimator
Brc.

To account specification search in nonparametric regression model, we use notion of



testing setup. We consider two-sided testing for
HO 10 = 60, Hl 10 7é 90. (24)
The studentized t-statistic for Hy is

To(K, 6o) = \/ﬁ(@((‘i?/z_ 9o(2)) _ \/ﬁ(‘i}i/; 90)'

(2.5)

Under standard regularity conditions (will be discussed in Section 3) including an under-
smoothing rate for deterministic sequence K — oo as n — 00, the asymptotic distribution

of the t-statistic is well known
T, (K, 0) - N(0,1). (2.6)

See, for example, Andrews (1991a), Newey (1997), Belloni et al. (2015), Chen and Chris-
tensen (2015b) among many others. In the next section, I formally develop an asymptotic
distribution theory of T,,(K, 6y) over a set IC,,.

3 Asymptotic distribution of the joint t-statistics

3.1 Weak convergence of t-statistic process

In this section, I provide asymptotic distribution theory of the joint t-statistics over a set.
First, I introduce following set IC,, to construct empirical process theory of the t-statistics
over K € K, that can be indexed by the continuous parameter 7, which is a ‘fraction’ of the

largest series terms K.

Assumption 3.1. (Set of number of series terms) Let IC,, as
K.,={K:K €K, K]}
where K = |nK| form € I = [x,1], = > 0.

The standard inference methods in this nonparametric regression setup typically consider
singleton set K, = {K}. Assumption 3.1 considers range of number of series terms and
considers infinite sequence of models indexed by 7 € I using K = |7K | series terms. Note
that KC,, is indexed by sample size n, as I will impose rate conditions for the largest K = K (n)

in the next Assumption 3.2. Together with the Assumption 3.2 below, set IC,, in Assumption

9



3.1 considers the sequence of models that has the same rate of K, i.e., K < K’ for any
K, K eK,.
Under Assumption 3.1, I define the t-statistic process, T (m,0), as

THm,0) =T,(|rK],0) =ell, (3.1)

where T,,(K, 0) is defined in (2.5). Note that T*(7, §) is a t-statistic using K = |7/ | number
of series terms and is a step function of 7.

In addition, I impose mild regularity conditions that are standard in nonparametric
series regression literature and are satisfied by well-known basis functions. I closely follow
assumptions in the recent paper by Belloni et al. (2015), Chen and Christensen (2015b) and
impose rate conditions of K uniformly over K. Other standard regularity conditions in the
literature (e.g., Newey (1997)) can also be imposed here with different rate conditions of K.

For each K € K,,, define (x = sup,cy ||Px(2z)|| as the largest normalized length of the
regressor vector and Ag = (Apin(Qx))™Y/2 for K x K design matrix Qx = E(Px;Pl;).

Assumption 3.2. (Regularity conditions)
(1) {yi, x:i}1y are i.i.d random variables satisfying the model (1.1).

(ii) sup,cy E(e?|z; = x) < 00, infex E(e?|z; = x) > 0, and sup,cy F(e2{|e;| > c(n)}|z; =

x) — 0 for any sequence c(n) — 0o as n — oo.

(iii) For each K € KC,,, as K — oo, there exists n and c, Ui such that

sup |go(x) — Px(x)n| < lrex, El(go(z;) — Pr(z:)'n)*]"? < ex.
xT€

(iv) supgex, Ax S 1.

(v) supger. Cn/(log K)/n(1+ VElkck) + e — 0 asn — 0.

Assumption 3.2(ii) imposes moment conditions and standard uniform integrability con-
ditions. (k, ¢k, {x in Assumption 3.2(iii)-(v) are satisfied with various basis functions. For
example, if the support X is a cartesian product of compact connected intervals (e.g. X = [0,
1]%), then (x < K for power series and other orthogonal polynomial series, and (x < VK
for regression splines, Fourier series and wavelet series. ¢y and fx in Assumption 3.2(iii)
vary with different basis and can be replaced by series specific bounds. For example, if go(x)
belongs to the Hélder space of smoothness p, then cx < KP4 ¢, < K for power series,

cx S K-Phso)/de . <1 for spline and wavelet series of order sy (see Newey (1997), Chen

10



(2007), Belloni et al. (2015), and Chen and Christensen (2015b) for more discussions on
¢k, Ui, (e with various sieve bases).

When the probability density function of z; is uniformly bounded above and bounded
away from zero over compact support X and orthonormal basis is used, then we have A < 1
(see, for example, Proposition 2.1 in Belloni et al. (2015) and Remark 2.2 in Chen and
Christensen (2015b)). The rate conditions in Assumption 3.2(v) can be replaced by the
specific bounds of (k, ¢k, {x. For example, for the power series, Assumption 3.2(v) reduced
to supgex, v/ K2(log K)/n(1 + K32 2lda) 4 g1=plde — |\ /K2(log K)/n(1 + K3/27P/%) +
K'=P/dz 5 () with the Assumption 3.1.

For notational simplicity, it is convenient to define Pr(v) = Plg, (x), Pr = Pr(z;) =
Pl gri and v = r(v) = g, (). Asymptotic variance can be defined as V; = Vi(z) =
1%/ 2Q 1 Po(2)| |2, where Q; = E(PpPlLe2),Qr = E(Py;P.). Under Assumptions 3.1 and
3.2, the t-statistic process under H, can be decomposed as follows

T*(r,0) = Puici _ o1 4o1), rem (3.2)

\/_ Z V1/2
where \/ﬁVW_l/ ’r. is a bias term due to approximation errors. I define the asymptotic bias
for the sequence of models indexed by 7 as the limit of the second term
v(r) = lim —/nV, Y2, (3.3)
n—oo
Under the following undersmoothing condition, asymptotic bias v(w) is 0 for all 7 € II.

To assess the effect of bias on inference, we will consider distinction between results imposing

undersmoothing condition or not.

Assumption 3.3. (Undersmoothing) sup \\/ﬁVgl/QﬁKcK\ — 0 asn — 0.
KeKn

A sufficient condition for Assumption 3.3 is sup /nVy V2 g=plds — o(1) when we use
Keky,

explicit bounds cxlx < K P/ for spline or wavelet series. When we consider a point x € X
where standard error V,ﬁ/ x KV 2 Assumption 3.1 and 3.3 together imply that Assumption
3.3 is provided by /nK?7P/d — ( for power series.

Next theorem is our first main result which provides uniform central limit theorem of the

t-statistic process for nonparametric LS series estimation.

11



Theorem 3.1. Under Assumptions 3.1, 3.2 and sup, |v(m)| < oo,

Tx(m,0p) = T(m) + v(m) (3.4)
where T(m) is a mean zero Gaussian process on £>°(I1) with covariance function X(mwy, mo) =
limy, 00 X (71, m2), where

P7T1 <x>/E(P7F1iPI 82)P7T2 (I)

m21<1

1/2 1/2
VTI'1/\7|'2V7|'1\/7r2

En(ﬂ'l, 7T2) = (35)
for any my, m € 11, and v(w) is defined in (3.3). In addition, if Assumption 3.3 is satisfied,
then

Tr(m, 6y) = T(mw), =well (3.6)

Theorem 3.1 provides weak convergence of the t-statistic process T, (m, 6p), m € II. This
is an asymptotic theory for the entire sequence of t-statistics T,,(K,6y), K € K,. The
asymptotic null distribution of the t-statistic process in (3.4) is equal to a mean zero Gaussian
process T(7) plus the asymptotic bias v(m).

Under conditional homoskedasticity, F(e?|x; = x) = o2, the covariance function of the

limiting Gaussian process reduces to the simple form

¥/1/2
. T AT
X(my,m) = lim # (3.7)

for any 7,7 € II. For example, if we further assume Vi/? o (Km)'2, then Y(m,my) o
(71'1/772)1/2.

Remark 3.1 (Rate conditions). Note that the asymptotic bias |v(7)] = 0 if K increases
faster than the optimal MSE rate (undersmoothing). 0 < |v(7)| < oo if K increases at the
optimal MSE rate, and |v(7)| = oo if K increases slower than the optimal MSE rate (over-
smoothing). Theorem 3.1 does not allow oversmoothing rates as we require sup,, |v(7)| < co.
Assumption 3.1 does not consider all different sequences of K satisfying asymptotic normality
of series estimators, however, these are the class of sequences to be able to provide uniform
central limit theorem of the t-statistic process. As studentized t-statistic is normalized by
variance terms Vi which may increase differently with different rates of K, two t-statistics
with different rates of K can be asymptotically independent, thus hard to incorporate de-

pendency (see also discussions in Section 3.2 with alternative /C,, allowing different rates of

12



K).

Remark 3.2 (Other functionals). Here, I focus on the leading example, where 6y = go(z)
for some fixed point x € X', but I may consider other linear functionals 6y = a(go(+)), such
as the regression derivates a(go(z)) = L go(z). All the results in this paper can be applied to
irregular (slower than n'/? rate) linear functionals with estimators = a(gk(z)) = ag(x) Bx
and appropriate transformation of basis ax (z) = (a(pi(x), - -, a(px(z)))’. While verification
of previous results for regular (n'/? rate) functionals, such as integrals and weighted average
derivative, is beyond the scope of this paper, I examine analogous results for the partially

linear model in Section 7.

3.2 Alternative set with different rates

Next, we provide different approximations to the sequence of t-statistics with an alternative
set KC,, constructed to allow different rates of Ks. Alternative set assumption allows for
optimal mean squared error rates of K as well as oversmoothing rates which increases slower

than the optimal rate.
Assumption 3.4. (Alternative set with different rates) Let IC,, as

K, = {K = Ky, Ky, -, K = Ky} where K, = tn%" for constant 7 > 0,
0 < ¢ < g < --- < ¢Pp, and fized M. Define asymptotic bias for the sequence

of models as v(m) = — lim \/ﬁVgl/erm. Assume that the largest model K satisfies
n—+00 m

\/ﬁVI;I/QKKcK — 0 as n — oo.

Assumption 3.4 can consider rates of K from oversmoothing (Jv(m)| = oo) to under-
smoothing (|v(m)| = 0) with different ¢,,. Here, K can increase slower than the optimal
MSE rates and K satisfies undersmoothing rates. As this alternative set assumption al-
lows slower than optimal MSE rates, this condition considers broader range of K's than the
Assumption 3.1. Together with Assumption 3.2(v), there exists rate restrictions on ¢, uni-
formly over m. Undersmoothing assumption for the K, i.e. v(M) = 0, can be restrictive.
However, this is merely a modeling device considering broad range of K and taking some
large enough K so that satisfy undersmoothing.

Under Assumption 3.4, if we impose sup,, |[v(m)| < oo, then the joint t-statistics converge
in distribution to a normal distribution plus the asymptotic bias terms similar to Theorem
3.1. However, joint t-statistics do not converge in distribution to a bounded random vector
if any of the elements |v(m)| = oo with oversmoothing sequences. If v(m) = £oo for some

m, then it can be shown that corresponding t-statistic T,,(K,, ) diverges in probability to
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+00. This matters when we obtain the asymptotic distribution of the test statistic that is
some continuous transformation of the joint t-statistics because continuous mapping theorem
cannot be directly applied.

To obtain the asymptotic distribution even under sup,, |v(m)| = oo, we provide formal
proofs which combine arguments in inference on Cls for the parameters in moment inequal-
ity literature as in Andrews and Guggenberger (2009). For this, we define the continuous
function on the extended real space as follows; S : A — B is continuous at t € A if t/ — ¢
for t € A implies S(t') — S(t) for any set A.

Theorem 3.2. Under Assumptions 3.2 and 3.4, following holds for any continuous function

S(t) at all t € RE 5 X R,

S(To(60)) % S(Z + v)

where T,,(0) = (T,,(K1,0),---, T,(Kn, 0)), Z = (Z1,-++,Zy) ~ N(0,%2), v = (v(1),---,
Prc; (2) B(Pr ;i Py €2) Prc, ()

1/2 1/12il . [f

v(M)) are M x 1 vectors, Xj = liMy 00 Xjin, and Lji, = VY,
K; VK

v(m) = +o00, then the corresponding element of Z + v equals +00.

Note that we do not require either Assumption 3.3 (undersmoothing) or sup,, |v(m)| <

oo in Theorem 3.2. Variance-covariance matrix > is similarly defined as in Theorem 3.1.
1/2

Moreover, if V;/Q = VK at some point z, then for any j < [, ¥, < C’% for some
K
constant C' > 0 by Assumption 3.2(ii) and the latter term converges to 0 as n — 0 by

Assumption 3.4, thus Xj;,, = 0, and ¥ = I.

Remark 3.3 (Rate conditions (continued)). Note that Assumption 3.4 only considers finite
K sequences, i.e., |[K,|] = M. In finite samples, we only consider finite set IC,, so the
difference between Assumption 3.1 and 3.4 only matters in large samples. Assumption 3.4
is useful to consider the effect of bias on inference problems allowing broader range of K,
i.e., oversmoothing rates (see Section 4 for formal results). On the other hand, Assumption
3.1 only consider sequences of K with the same growth rates which only differ in constant
7. Thus, Theorem 3.1 gives the joint asymptotic distribution of t-statistics that has either
zero bias for all K € KC,, or non-zero bounded bias for all K € IC,.

4 Test statistic

In this section, I introduce an infimum test statistic and analyze its asymptotic null dis-

tribution based on Theorem 3.1 and 3.2. Then, I provide the asymptotic size result of the
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tests, and methods to obtain critical values for our inference procedures.

I consider following test statistic
InfT,,(0) = Klglgn |T,. (K, 0)|. (4.1)

As T denoted in the introduction, there are several reasons to consider Inf T, (6) in series
regression context. First of all, small t-statistic centered at the true value corresponds to the
approximation with certain choice of series terms that has a small bias and large variance,
which is good for the coverage as what undersmoothing assumption does for eliminating
asymptotic bias, theoretically. This is also closely related to some rule-of-thumb methods
suggested by several papers to choose undersmoothed K (see, for example, Newey (2013),
Newey, Powell and Vella (2003)).

4.1 Asymptotic distribution of the test statistic

Asymptotic null limiting distribution of the infimum test statistic follows immediately from
Theorem 3.1 and 3.2.

Corollary 4.1. 1. Under Assumptions 3.1, 3.2 and sup, |v(7)| < oo, InfT,(6y) LN
infrcpr 1y | T(7) +v(m)|, where T(7) is the mean zero Gaussian process defined in Theo-
rem 3.1. In addition, if Assumption 3.3 holds, then Inf T,,(6y) Ly e = infcpr ) | T(7)].

2. Under Assumptions 3.2 and 3.4, Inf T,,(0y) LN inf,,—1..p |Zm + v(m)|, where Z,, is
an element of M x 1 normal vector Z ~ N(0,%) and v = (v(1),---,v(M))" is defined
i Theorem 3.2.

Corollary 4.1.1 derives the asymptotic null limiting distribution of Inf 7;,(0) under /C,, with
same rates of K (Assumption 3.1) and Corollary 4.1.2 provides the asymptotic distribution
under alternative /C,, with different rates of K (Assumption 3.4).

Whether some asymptotic bias |v(m)| are unbounded or not, Corollary 4.1.2 shows that
Inf T,(0y) converge in distribution to the bounded random variable. Under H,, InfT,(0)
exclude all small K's corresponding to oversmoothing (where the bias is of larger order than
the standard error) and select among large K's with optimal MSE rates and undersmoothing
rates (where the bias is of smaller order), asymptotically. Using this Corollary, I discuss the
effect of asymptotic bias on the inference in Section 4.2 (for the size results) and Section 5

(for the coverage results).
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4.2 Asymptotic size of the test

[ start by defining critical value ™  as (1 — a) quantile of the asymptotic null distribution

&int = infrepr 1) |T()] in Corollary 4.1.1, i.e., solves
P& > ™ ) =« (4.2)

for 0 < a < 1/2.2 The asymptotic null distribution, &y, can be completely defined by
covariance kernel of the limiting Gaussian process T(7) in Theorem 3.1. Since the limit-
ing process can not be written as some transformation of Brownian motion process, the
asymptotic critical value cannot be tabulated, in general. However, critical value can be
obtained by standard Monte Carlo method or by the weighted bootstrap method. I will
discuss approximation of the critical value in Section 4.3. With abuse of notation, I also use
A as (1 — a) quantile of the inf,,—; .. ar | Z,| if Corollary 4.1.2 is used under alternative
set Assumption 3.4.

Next, we define z1_q/2 as (1 — a/2) quantile of standard normal distribution function,
which solves P(|Z| > 21_4/2) = o where Z ~ N(0,1). Next Corollary provides the asymp-

totic size of the tests based on Inf 7,,() follow from the Corollary 4.1.

Corollary 4.2. 1. Under Assumptions 3.1, 3.2 and 3.3, following holds with critical value

At defined in (4.2) and the normal critical value z1_q 2,

limsup P(Inf T,,(6y) > &™) = a, limsup P(Inf T,,(6p) > z1-0/2) < . (4.3)

n—oo n—o0

2. Suppose Assumptions 3.1 and 3.2 hold. If sup, |v.| < oo, then following inequality

holds
limsup P(Inf T,,(6y) > &™) < F(d™, inf |v(7)]), (4.4)
n—oo T
limsup P(Inf 75, (60) > z1-a/2) < F(21-a/2,inf |v(7)]), (4.5)
n—oo ™

where F(c,|v|) =1—®(c— |v|) + ®(—c — |v|) with standard normal cumulative distri-
bution function ®(-).

2Without imposing the undersmoothing assumption, asymptotic distribution of Inf T},(6y) in Corollary
4.1.1 also depend on asymptotic bias v(m) as well. If v(7) can be replaced by some estimates 7(7), then
the critical value from infrep |T(7) 4+ U(7)| can be used. We do not pursue this approach as it is a difficult
problem beyond the scope of this paper.

16



3. Under Assumptions 3.2 and 3.4, following holds

lim sup P(Inf T,,(6y) > ™ ) < F(d™,0), (4.6)
n—oo

limsup P(Inf 7,,(6p) > 21-0/2) < . (4.7)
n—oo

Corollary 4.2.1 shows that the tests based on the infimum test statistic asymptotically
control size with all the sequences K € IC, satisfy the undersmoothing condition. As
Inf T,(00) < |T.(K,00)| and |1, (K, 6))] A |IN(0,1)] for any single K € K, the test based
on Inf T,,(#) using normal critical value also controls the asymptotic size, but conservative.

Without undersmoothing assumption, Corollary 4.2.2 derives the upper bounds of the
asymptotic null rejection probability of the tests based on Inf 7,,(6). Equations (4.4) and (4.5)
show that the asymptotic size is bounded above by the asymptotic size of a single t-statistic
with the smallest asymptotic bias inf, |v(7)|. Note that F'(c, |v|) is a monotone decreasing

inf

in ¢ and increasing in |v|. Typically c, is strictly less than zy_4/2, so that F(zi_q/2,

0) = a < F(d™_,0). Moreover, upper bounds of the size can be small if the smallest bias

inf, |v()| is small. For example, when ™ = 1.5, F(c™  |v]) = 0.31 for |v| = 1 and
F(c™_ ., |v]) = 0.13 for |v| = 0. (4.5) also show that the test based on Inf T, () with normal
critical value controls size asymptotically if the smallest bias is 0, i.e., inf; [v(7)| = 0 (see

also Hall and Horowitz (2013), Hansen (2014) for the similar function and Figure 2 for the
plots of F(-,-) as a function of |v| with some different c).

Corollary 4.2.3 shows similar asymptotic size results under the alternative set assumption.
Furthermore, this can give useful information about the effect of bias on the asymptotic size
by allowing ‘large’ bias |v(m)| = oo (‘small’ K,,,). If asymptotic variance of joint distribution
Y. = I under Theorem 3.2 (refer to discussions below Theorem 3.2), we can get asymptotic
size of the test as [[M_, F(c,, |v(m)|). Thus, the asymptotic size is not affected by K,,
such that |v(m)| = oo as F(¢,00) = 1 for any constant ¢ > 0. Further, suppose that the last
M; number of K's satisfy undersmoothing conditions and the others satisfy oversmoothing
rates, i.e., [v(m)| = oo for m = 1,---, M — M; and |v(m)| = 0 for the others. Then, the

My/M inf _
M as dnf =

asymptotic size is equal to o 21_q1/m 5 follows from Theorem 3.2 and 3 = Iy.
In this special case, the asymptotic size is a decreasing function of the fraction of number of
undersmoothing sequences M; /M, and is equal to a when |v(m)| = 0 for all m, similar to

Corollary 4.2.1.

Remark 4.1 (Largest K). Note that the asymptotic size result in (4.7) relies on the in-
equality Inf T,,(0y) < |T.(K,6p)| and the fact that T,,(K, 6) N N(0,1) under Assumption
3.4. But, our theory still provides the bound of the asymptotic size in (4.7) without any
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undersmoothing conditions on K € K, as F'(21_q/2, inf, [v(m)|). Asymptotic distribution
result in Corollary 4.1.2 is still valid, as long as at least one |v(m)| is bounded.

If we know (a priori) that K satisfies undersmoothing condition and others not, then
there’s no point of searching over different K; we may just use K for the inference. This may
work well if K coincides with some infeasible size-optimal sequence K*(n) that minimizes
|P(T.(K,0y) > z1_a/2) — |. Formal justifications or data-dependent results for the range of
K, = [K, K] are beyond the scope of this paper, but choice of K can be ad hoc in practice.
Heuristically, if we use too large K, then the power of the test based on T,,(K,#) with the
normal critical value can be low, as T;,(K, ) can be very small with large variance Vz under

inf

alternatives. Nevertheless, the test based on Inf 7;,(6y) and its asymptotic critical value ¢,

may have better power, as this test compare with the smaller critical value than the normal

critical value.

Remark 4.2 (Asymptotic power of the test). Although Inf T, (6) leads to the tests that
control the asymptotic size or bound the size distortions, one concern is that possible low
power property of the test compare with the other statistics (e.g., the supremum of the
t-statistics). Investigating local power comparisons of the level a test based on several
different statistics, and the effect of asymptotic bias on subsequent power function are very
important, but these are beyond the scope of this paper. I discuss the length of Cls based
on the infimum test statistic in Section 5. Furthermore, I calibrate the length of Cls and
report power functions of the different test statistics in various simulation setup in Section
8.

In this paper, we focus on controlling size of the test allowing large asymptotic bias and
I want to emphasize that bias issues can severely affect commonly used inference procedures
(i.e., coverage of standard CI) in series estimation. For example, high-order polynomials are
not popular choices because it can be highly sensitive to the choice of series terms. Using
low-order polynomials or regression splines can help to reduce bias issues, but does not
solve bias problem completely. Moreoever, test based on the other transformation of the
t-statistics can be sensitive to the bias problems, thus may lead to over-rejection of the tests
(i.e., under-coverage of the Cls). See Appendix C for the inference based on the supremum

test statistic, for example.

4.3 Critical values

In this section, I discuss detail descriptions to approximate critical value defined in (4.2).
Here, I suggest using simple Monte Carlo method to obtain critical value. To make imple-

mentation procedures simple and feasible, I impose following set assumption and conditional
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homoskedasticity.

Assumption 4.1. (Set of finite number of series terms)
Kn={K=Ky, - ,Kn,-,K =Ky} where K,, = |7,,K| for constant 7,,, 0 < 7 =
T <Tmy<---<my =1, and fixed M.

Assumption 4.2. (Conditional homoskedasticity) E(?|r; = x) = .

Assumption 4.1 is a finite dimensional version of Assumption 3.1, and is different with
an alternative set (Assumption 3.4) that considers different rate of Ks. Conditional ho-
moskedasticity assumption is only for a simpler implementation. Based on the general co-
variance function defined in (3.5), we can construct variance-covariance matrix under general
heteroskedastic error.

By Theorem 3.1, following finite dimensional convergence of the t-statistics holds under
the Assumptions 3.2, 3.3, 4.1 and 4.2

(Tn<K1700)7 T 7TH(KM790>)/ i> Z = (Zlv o '7ZM)I7 Z ~ N(QE)? (48>

where ¥ is a variance-covariance matrix defined in (3.7), £; = lim, o VI;/ 2 / Vél/ % for any
J < 1. (4.8) also holds under same assumptions as in Theorem 3.2. Note that the limiting
distribution does not depend on 6, and variance-covariance matrix ¥ can be consistently
estimated by its sample counterparts. This requires estimators of the variance Vi that are
consistent uniformly over K € KC,,. Define least square residuals as £x; = y; — PI’QB\K, and

let VK as the simple pluig-in estimator for Vi

Vi = pK($)/@;(1§K©;(1PK($)>

. 1 <& ) . 1 < g (4.9)
Qr = E;PKiPKm Qg = " ;PKiPKigKi'

Then, I define ¢ based on the asymptotic null distribution of Inf T},(6y) as follows

~inf

., = (1 — «) quantile of inf u |Zm,§|7

o SN S 51/2 1551/2 (4.10)
where Zg = (Z, 5, -+, Zy5) ~ N(0,Y), ¥j;=1,5= VKJ/- /VKZ/ :

~inf

One can compute ¢ by simulating B (typically B = 1000 or 5000) i.i.d. random vectors
Z2 ~ N(0, 3) and by taking (1 — ) sample quantile of {Inf T? = inf |ZZL al:b=1,---,B}?

. S ‘71(. . ~ .
3Under heteroskedastic error terms, we can construct Y= ‘71/27‘1/11/2 for any j < [, where Vi, is an
K; VK,
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I impose following assumption on consistency of variance estimator Vx uniformly in

Kek,.

Assumption 4.3. sup |g—K — 1] =0,(1) as n, K — 0.
KeK,

Assumption 4.3 is satisfied under same regularity conditions (Assumption 3.1 and 3.2)

with an additional assumption. For example, if we further assume ;u}lg |27, PgiPjie? —
ekn

B[Py Pl.e?]|| = 0,(1) with an orthonormalized vector of basis functions Py () = I_(l/QPK(x),
then Assumption 4.3 holds. See Lemma 5.1 of Belloni et al. (2015), and also Lemma 3.1
and 3.2 of Chen and Christensen (2015b) for different sufficient conditions under mild rate
restrictions and unconditional moment of the error terms.

Next, we consider t-statistic T, (K, 0) = /%@K — 6p) replacing variance of the series

estimator Vi with YA/K and joint asymptotic distribution for K € IC,,. Following Corollary

provides the validity of Monte Carlo critical values @  defined in (4.10).

Corollary 4.3. Under Assumptions 3.2, 3.8, 4.1, 4.2 and 4.3, ¢ NELN e holds where
At are defined in (4.10) and ™, are the (1—a) quantile of the asymptotic null distribution
inf . | Zm| with Z = (Zy,---,Zyn) ~ N(0,%), X defined in (3.7). This also holds under

m=1,---,

the Assumptions 3.2, 3.3, 3.4, and 4.3.

Remark 4.3 (Weighted bootstrap). Alternatively, we can use weighted bootstrap method
to approximate asymptotic critical value. Implementation of the weighted bootstrap method
is as follows. First, generate i.i.d draws from exponential random variables {w;}! , inde-
pendent of the data. Then, for each draw, calculate LS estimator weighted by wy, - - -, w,, for

each K € IC,, and construct weighted bootstrap t-statistic as follows

X 1l R R
B —argmin > wilys — P, k(@) = Pcla)/ Bl
=1 (4.11)

~b A
Vi
Then, construct Inf T? = infx [T?(K)|. Repeat this B times (1000 or 5000) and define &"V?
as conditional 1 — o quantile of {InfT?:b=1,---, B} given the data. The idea behind the

weighted bootstrap methods may work is as follows; if the limiting distribution of weighted

sample analog estimator of P, ()" E(Px i P ;€7 ) Pk, (x) and XA/KJ. , Vi, are estimator of the variance Vi, Vi,
respectively.
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bootstrap process is equal to the original process conditional on the data, then the weighted
bootstrap process Inf T also approximate the original limiting distribution infrepm ) T(m).
However, validity of the weighted bootstrap is beyond the scope of this paper and will be

pursued for the future work.

5 Confidence intervals

Now, I introduce ClIs for 6y = go(x) and provide their coverage properties. We consider a
confidence interval based on inverting a test statistic for Hy : 0 = 6, against Hy : 6 # 0.
Define C'TFPst as the nominal level 1 — a CI for 0 based on Inf T,,(6),

inf

IRobust _ {‘9 1nf ’T ( )| < /\mfa}

inf

= {0:1T, (K,0)| > & VEY = | {6:1T, 5 (K, 6)| <&} (5.1)
Keky

= linf (B — &5(0)), sup(Or + 21565 )]

where ¢ is a critical value defined in Section 4.3, s(Ax) = 1/ Vi /n is a standard error
of series estimator §K using K series terms, and A denotes the complement of a set A.

Note that C TPt can be easily obtained by using estimates §K, standard errors s(é\K), and

inf

critical value & . CIFPUst can be constructed as the lower and the upper end point of

inf

confidence intervals for all K € K,, using critical value ¢t .

Similarly, I define C'lins based on Inf 7,,(¢) and the normal critical value z;_,/» as follows,

Cline = {0 : 1nf ]T o(K,0)] < z1_0/2}
| R N R (5.2)
= [ngf(@K ~ #1-a725(0x)), SUP(Oc + 21-a/25(0c))

Note that C';y¢ is the union of all standard confidence intervals for K € IC,, using conven-
tional normal critical value z1_q/2.

Next Corollary shows valid coverage property of the above Cls, and it follows from
Corollary 4.2 and 4.3.

Corollary 5.1. 1. Under Assumptions 3.2, 3.3, 4.1, 4.2, and 4.3,

liminf P(6y € CIZ®™") =1 — q, liminf P(6y € Clipg) > 1 — a. (5.3)

n—oo znf n—oo
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2. Under Assumptions 3.2, 4.1, 4.2, 4.3, and sup,, |v(m)| < oo,

liminf P(fy € CTEZ*") > 1 — F(c™M inf|v(m))), (5.4)
n—oo m

liminf P(0y € Cling) > 1 — F(21_q/2, inf [v(m)]). (5.5)
n—oo m

3. Under Assumptions 3.2, 3.4, and 4.3,

lim inf P(6y € CI2*) > 1 — F(c . 0), (5.6)
n—oo

liminf P(6y € Clinp) > 1 — . (5.7)
n—oo

Corollary 5.1.1 shows the validity of C'I?PUs* and Cli, i.e., asymptotic coverage of Cls

inf

are greater than or equal to 1 — a. Note that the Corollary 5.1.1 requires undersmoothing
condition, i.e., no asymptotic bias for all K's in IC,,.

Without undersmoothing condition, Corollary 5.1.2 and 5.1.3 show that the coverage
probability of C'IRP*s* and C'I;,¢ are bounded below by the coverage of single K with smallest

inf

bias, similar to the asymptotic size results in Corollary 4.2. For example, the lower bound in

(5.6) is 0.87 when ¢l = 1.5. Furthermore, (5.7) shows that C'I,,; using normal critical value

achieve nominal coverage probability 1 — a. Cliye and C'TEP"® bound coverage distortions

even when large asymptotic bias terms (|v(m)| = oo) are present for several Ks in IC,. In

this sense Clipe and C'IRP¥S® are robust to the bias problems.

inf

Although C'ys gives formally valid coverage allowing asymptotic bias, coverage property
of the Clips in (5.3) and (5.7) holds with inequality, thus it can be conservative. As the
variance of series estimator increases with K, we expect Cliy¢s can be comparable to the
standard CI using normal critical values with some large K around the largest K. In contrast,

CIErst have shorter length by using smaller critical value than the normal critical value.

Remark 5.1 (Length of the interval). Note that potential large length of the C'TFP"s* is also

inf
related to the possible low power property of the test. The net effect of increasing largest K

on the length of CI™PUst is not clear as it may decrease critical values ¢ as well.

Also note that the last equality from the definition of C'I%P** in (5.1) holds only when

inf
there is no dislocated CI, i.e., intersection is nonempty at least for some two Cls using & .
Otherwise, using the superset widens the length of CI. As the variance of series estimator
increases with K, we expect that the union of all confidence intervals may only be determined
by some large K's so that there is no dislocated CI. In general, dislocated confidence interval
may show some evidence of bias for the specific model, but there is no guarantee that the

union of the confidence intervals are connected in practice. Although this paper does not
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consider data-dependent choice of K, possible large length of C'I can be avoidable if K is
reasonably large and this is exactly the condition needed in Corollary 5.1 to have a correct

coverage.

6 Post-model selection inference

In this section, I provide methods to construct a valid CI that gives correct coverage after

selecting the number of series terms. I first consider the ‘post-model selection’ t-statistic
T.(K,0), K€k, (6.1)

where K is a possibly data-dependent rule chosen from /C,,. Then, we can define following

‘naive’ post-selection CI with K using the normal critical value z;_q s,

~ ~

OV = (0 |T(K,0)| < z1-ap} = [0 — 21-0/25(0), 05 + 21-ay25(0)]. (6.2)

Conventional method of using normal critical value in (6.2) comes from the asymptotic
normality of the t-statistic under deterministic sequence, i.e., when IC,, = { K'}. However, it
is not clear whether the asymptotic normality of the t-statistic T},(K, ) 4 N (0,1) holds
with some random sequence of K. Even if we assume the asymptotic bias is negligible, the
variability of K introduced by some selection rules can affect the variance of the asymptotic
distribution. Thus, it is not clear whether naive inference using standard normal critical

value is valid. If the post-model selection t-statistic, Tn(l? ,6p) with some K, has non-

Naive
Ipms

normal asymptotic distribution, then the naive confidence interval C may have coverage
probability less than the nominal level 1 — a.

Furthermore, K with some data-dependent rules may not satisfy the undersmoothing rate
conditions which ensure the asymptotic normality without bias terms. For example, suppose
a researcher uses K = }A(cv selected by cross-validation (or other asymptotically equivalent
criteria such as AIC). It is well known that the I?cv is typically too ‘small’, so that lead to a
large bias by violating undersmoothing assumption needed to ensure asymptotic normality
and the valid inference. If K increases not sufficiently fast as undersmoothing condition
does, then the asymptotic distribution may have bias terms and resulting naive CI may have
large coverage distortions.

Here, I suggest constructing a valid post-selection CI with K e KC,, by adjusting standard
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normal critical value to critical value from a ‘supremum’ test statistic,

Sup T,,(0) Esu}g |T,. (K, 0)|. (6.3)
E n

Note that |T,,(K,8y)| < SupT,(6) for any choice of K € K,, and Sup7T,(6o) LN Esup =
SUDefr,1) |T(7)| under the same assumptions as in Corollary 4.1. Therefore, inference based

on |T, n(}? ,6p)| using asymptotic critical values from the limiting distribution of Sup T,,(6y)
will be valid, but conservative. Similar to ¢ defined in (4.2), I define asymptotic critical
value i, as 1 — a quantile of &,,. We can approximate this critical value by using Monte

Carlo simulation based method similarly as in Section 4.3. To be specifically, I define

up

it =(1—a) quantile of sup |7, ¢, (6.4)

m=1,---,

where Zg = (Z, g, Zy ) ~ N(0, ) and & are defined in (4.10). Under the same

sup

. . . p
assumptions as in Corollary 4.3, we can also verify &j", — ™ .

Next, I define the following robust post-selection CI using the critical value ¢"*, rather

than the normal critical value z,_,/» compare to C’Igjj"e,
Cloe™* = [0 —1%,s5(0z), 0z +25,s(0z)], K € K. (6.5)

IRobust
pms

Next Corollary shows that the robust post-selection C guarantees asymptotic cov-

erage as 1 —a. Even though Corollary 6.1 does not implicitly use randomness of the specific

IRobust

data-dependent selection rules of K, CI;

can be useful as it can be applied to any

selection rules that researchers might want to use among /C,,.

Corollary 6.1. Under Assumptions 3.2, 3.3, 4.1, 4.2, and 4.3,

liminf P(fy € CTZ™*") > 1 —q. (6.6)

ms
n—o0 p

(6.6) also hold with Assumptions 3.2, 3.3, 3.4, and 4.3 as in Theorem 3.2.

In Corollary 6.1, I impose an undersmoothing (Assumption 3.3) and optimal MSE rates
(K,) are not allowed, thus C1322%%% does not dealing with the bias problem explicitly. How-
ever, it accommodates bias by enlarging confidence interval using larger critical values ¢},
than the normal critical value. Moreover, we also expect ¢; ", is smaller than the usual
Bonferroni-type critical value. Bonferroni corrections use normal critical value z;_ o re-

placing o with a/M. However, Bonferroni critical value can be too large especially when

|IC,,] = M is large, as it ignores dependence structure of the t-statistics.
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7 Extension: partially linear model setup

In this section, I provide inference methods for the partially linear model (PLM) similar to
the nonparametric regression setup.

Suppose we observe random samples {y;, w;, x; }I;, where y; is scalar response variable,
w; € W C Ris treatment /policy variable of interest, and z; € X C R% is a set of explanatory
variables. For simplicity, we shall assume w; is a scalar. I consider following partially linear

model

We are interested in inference on treatment /policy effect 6, after approximating unknown
function go(x;) by series terms/regressors p(x;) among a set of potential control variables.
Number of regressors could be large if there are many available control variables, i.e., p(x;) =
x; or if there are large number of transformations of p(z;) are available such as polynomials
and interactions of x;. Parametric part w; is always included in the model, however, we are
unsure which covariates/transformations of x; should be used for go(x;).

For notational simplicity, I use the similar notation as defined in nonparametric regression
setup. Suppose we use K regressors Px; = Pg(z;), where Pk (z) = (p1(z),- -+, px(x)) from

the basis functions p(z). The approximating model can be written as
yi = bow; + Pr;Br + exi, (7.2)

where the error term ex; = rg; + €; and approximation error rg; are defined similarly as
in Section 2. Then, series estimator gK for #y using the first K approximating functions is

obtained by standard LS estimation of y; on w; and Pk;
O = (W MeW) ' W MyY (7.3)

where W = (wy,---,wy,), Mg = Ix — PX(PX' PK)"1PK' PK — [Pry, -+ Py,],Y = (1,
-+, y,). Estimator for Sk is given by (é\K,B\}{)’ = (HX'HX)YTHX'Y where HX = [W, PK].
Similar to nonparametric regression model, we are interested in testing for Hy : 0 = 6,
Hy:0#0,.

The asymptotic normality and valid inference for the partially linear model has been
developed in the literature. Donald and Newey (1994) derived the asymptotic normality of
0 under standard rate conditions where K /n — 0. See also Robinson (1988), Linton (1995)

and references therein for the related results of the kernel estimators. Belloni, Chernozukhov
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and Hansen (2014) analyzed asymptotic normality and uniformly valid inference for the
post-double-selection estimator even when K is much larger than n under some form of
sparsity condition. Recent paper by Cattaneo, Jansson, and Newey (2015a) provided a valid
approximation theory for /Q\K even when K grows at the same rate of n.

Different approximation theory using faster rate of K is particularly useful for our purpose
to better reflect the choice/search of smoothing parameters in practice than the first order
approximation. By using the higher order approximation theory that allows the number of
series can grow as fast as sample size n, we can construct a joint distribution of the t-statistics
with different sequence of models.

Under K/n — ¢ for ¢ > 0, the limiting normal distribution has a larger variance than the
standard asymptotic variance derived under K/n — 0, and the adjusted variance depends on
the number of terms K. Unlike the nonparametric object of interest in fully nonparametric
model where variance term increases with K, gK has parametric (n'/?) convergence rate and
variances are same as the semiparametric efficiency bound for all sequences under K /n — 0,
i.e., all estimators 0 with different rate of Ks satisfying K/n — 0, are all asymptotically
equivalent. This is also related to the well known results of the two-step semiparametric
estimation; asymptotic variance of two-step semiparametric estimators does not depend on
the type of the first-step estimator and/or sequences of smoothing parameter sequences in
certain ranges (see Newey (1994b)). I provide an approximation theory that fully account
the dependency of the t-statistics with different K.

I impose an assumption that are same as in Cattaneo, Jansson, and Newey (2015a)
uniformly over the model K € K,,, where K, is same as in the Assumption 4.1. Let v; =

w; — Guwo(x;) where gyo(z;) = Elw;|z;].

Assumption 7.1. (Regularity conditions for Partially Linear Model: Assumption PLM in
Cattaneo, Jansson, and Newey (2015a))

(i) {yi, w;,x;} are i.i.d random variables satisfying the model (7.1).

(ii) There exists constant 0 < ¢ < C' < oo such that E[e?|w;,z;] > ¢ and Ev}|z;] > c,
Eletw;, ;] < C and Elvl|z) < C.

(11i) rank(Px) = K (a.s) and M;; x > C for C > 0 uniformly over K € K,,.

(iv) For all K € K, there exists Vg, Ygu,

min E[(go(z;) — U;Pm)z] = O(K29), min E[(guwo(z;) — n;wPKi)Q] = O(K2m).

Ng Ngw
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Assumption 7.1 does not require K /n — 0 which is required to get asymptotic normality
in the literature (e.g., Donald and Newey (1994)). Similar to the Assumption 3.2(iii) in
nonparametric setup, Assumption 7.1(iv) holds for the polynomials and splines basis. For
example, this holds with v, = p,/d., V4, = Dw/ds Wwhen X is compact and unknown functions
9o(), gwo(z) has p,, p,, continuous derivates, respectively.

From the results in Cattaneo, Jansson, and Newey (2015a), we have following decompo-

sition for any K € K, under Assumptions 4.1, 7.1 and H,,

n 1 / -1 1 /
_ = (= WY " —W'MgY
VB — 60) = (WM IV) = Mg

:f;(%zvmg@ Z S wMe) + o)

i=1 j=1,j#i

(7.4)

where T = WM kW /n. Note that the t-statistics Tk (y) are asymptotically normal with
variance V = o2 E[v?]~! under any sequences K — oo satisfying the standard rate conditions
K/n — 0. However, under the faster rate conditions on K imposed here, the second term is
not negligible and converges to bounded random variables. Cattaneo, Jansson, and Newey
(2015a) apply central limit theorem of degenerate U-statistics for the second term, similar
to the many instrument asymptotics analyzed in Chao, Swanson, Hausman, Newey and
Woutersen (2012).

Now, consider the sequence of t-statistics T, (K, 0), K € K, for testing Hy. Under As-
sumptions 4.1, 7.1 and undersmoothing condition nK ~2(+%w) — 0, we get following asymp-
totic null limiting distributions for all deterministic sequence of K € IC,, assuming conditional

homoskedasticity:

T, (K, 0) = vnVie 20k — 65) -2 N(0,1),
Vk =(1—-K/n)"'V, V=02E[v]]",

where Vi coincides with the standard asymptotic variance formula V' under K/n — 0.
Allowing K/n need not converge to zero requires “correction” term, (1 — K/n)~! taking
into account for the remainder terms that are assumed ‘small” with the classical condition
K/n — 0. Note that the adjusted variance Vi is always greater than V' when K/n -» 0 and
is an increasing function of K.

Next theorem is the main result for the partially linear model setup, analogous to non-
parametric setup. Theorem 7.1 provides joint asymptotic distribution of the t-statistics

T.(K,0y) over K € IC,,. Tt also provides the asymptotic coverage results of the CIs that are
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similarly defined as in Section 5 and 6.

Theorem 7.1. Suppose Assumptions 4.1 and 7.1 hold. Also, nK—20st79w) — 0 as K — 0.
Assume K/n — ¢ (0 < ¢ < 1) and E[?|w;, z;] = 02, E[v?|z;] = E[v?]. Then the joint null

2

limiting distribution is given by

(Tn(K1790)7 o 7Tn(KM790)), i> Z = (Zlﬂ U ZM)/ ~ N(()?E)

with variance-covariance matriz X where Xy = lim, V%il/VéJ/jl forj #1, and ¥ =1
for 7 =1. Moreover, under Assumptions 4.1, 4.3 and 7.1, coverage probability holds for the

following Cls

liminf P(6y € CIL;*") =1 —a, liminf P(6y € Cliny) > 1 -« (7.5)
liminf P(6y € CI22*") > 11—« (7.6)
n—oo

where CTZ2"Y Cl,pp, and CIEM are similarly defined as in Section 5 and 6 with PLM

inf pms
estimator O and variance estimator Vi, and the critical values ¢, " .

Theorem 7.1 derives the joint asymptotic distribution of the T, (K, 6y) over K € K, for
the parametric part in partially linear model. Note that the variance-covariance matrix X
is same as in nonparametric model setup (see equation (3.7) or (4.8)). Variance-covariance

matrix X; for any j # [ can be reduced under the condition K /n — c,

1/2 _ > _
Yy = lim Rl iy (1= Kjn/n) 2y = lim (1 _WJN[—(/n) - = L= Cﬂj\/l)l/Q
" nSoeo Viewz  noo (11— Kjyi/n)=12V12 0 nooo (1 — mj K /n)~1/2 1—cmjn’

jvi

(7.7)

Remark 7.1 (Variance Estimation). Note that construction of Cls also requires consistent

variance estimators Vi,

n

- 1 o 2\ -
VK = SQFKl, 82 = n—l——K E?, 622 = ZMK,ij(yj — 0Kw]) (78)
i= j=1

For consistent variance estimation results and more discussions, see section 3.2 (Theorem

2) of Cattaneo, Jansson, and Newey (2015a) and also Cattaneo, Jansson, and Newey (2015b)

even under heteroskedasticity.

4Theorem 7.1 also shows the asymptotic coverage property of Cls similar to Corollary 5.1 in the nonpara-
metric setup. The lower boundsiof the asymptotic coverage for C'I. fx‘:f“s‘t, C1I;ps can be also derived without
undersmoothing assumption (nK ~2("+¥w) — 0), but omitted here for the simplicity.
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8 Simulations

This section investigates the small sample performance of the proposed methods in Sections
5 and 6. We are mainly interested in empirical coverage of ClIs for the true value of g(z)
over the support of x for various functions g(x) and different basis.

I consider the following data generating process similar to Newey and Powell (2003),
Chen and Christensen (2015a),

yi = g9(w) + &4,

N 0\ (1 0 (8.1)
o (), 2)

where ®(-) is the standard normal cdf need to ensure compact support. I investigate following
four functions for g(z): gi(z) = 4x — 1, go(z) = In(|6x — 3| + 1)sgn(x — 1/2), g3(z) =
%, ga(z) = v —1/2 + 5¢(10(x — 1/2)), where ¢(-) is standard normal pdf and
sgn(-) is sign function. The functions g;(x) and go(x) are used in Newey and Powell (2003),
Chen and Christensen (2015) and we label them as linear and nonlinear designs. g¢s(x)
and g4(x) are rescaled version of Hall and Horowitz (2013), and we denote these as highly
nonlinear designs. See Figure 1 for the shape of all functions on the support X = [0,1]. In
addition, I set 02 = 1 for all simulations results below. Results for 02 = 0.5,0.1 show similar
patterns from my experience.

I generate 5000 simulation replications for each different design with sample size n =
100. Then, I implement nonparametric series estimators using both power series bases with
different orders and quadratic splines with evenly placed knots. In either case, K denotes the
number of estimated coefficients. I also set IC,, = [2, 10] for the polynomials and /C,, = [3, 13]
for the splines. Then, I calculate pointwise coverage properties of various Cls for all 40 grid
points of z on [0,1]. To calculate critical values, 1000 additional Monte Carlo replications are
also performed on each simulation iteration. Results for different sample sizes n = 200, 400
and results for the cubic spline regressions show similar patterns, thus omitted for brevity.

As a benchmark, I first consider post-selection CI with IA(CV € K, selected to minimize

leave-one-out cross-validation and using (naive) normal critical value, C'I321"® = [al?v —
Zl—a/25(§f<w>7§f<w + zl_a/gs(é\f{w)]. I also report coverage of Clix = [51-( — zl_a/gs(é}{),

-~

é\f( + 21_q/25(0%)] using the largest number of series terms K. Next, I consider new Cls
proposed in this paper, C I8Pt and Cl;,¢, based on the test statistics Inf T;,(6) defined in

inf
Section 5. Finally, I examine robust post-selection CI, C'I32"* with K.,, defined in Section
6. The critical values, ¢*_ and ¢]"", are constructed using the Monte-Carlo method described

in Sections 4.3 and Section 6.
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Figure 3 reports nominal 95% coverage probability of all five Cls. Overall, CIopust

inf

performs very well across the different simulation designs. Its empirical coverage is close
to the nominal 95% level at many points over the support. Cli,¢ using normal critical
value also performs well, as coverage is no less than the nominal level at almost all points.

However, CI;,¢ seems quite conservative. C’]}Ifg;"e using cross-validation selected series terms

undercovers most of the cases: K., is small and CI3217 is somewhat narrow to cover the

true value. C'l. slightly undercovers at many points, and works quite poorly especially at

~su

the boundary. CI32"s* with the adjustment of using larger critical value ¢}, than normal

critical value seems also work well, but does not solve bias problem completely (for example,
see coverage probability of go(z = 0.4)).

For the linear function g¢;(x), polynomials should approximate unknown function very
well for all K, i.e., finite sample bias is expected to be very small over K € K,. In this

setup, coverage of C'IRP* C'1..x are expected to be close to 95 % and CTiy, Clgg:“t are

expected to be conservative. Slightly undercover results in Figure 3-(a) for C' I,k are mostly
due to the small sample size. However, given the small sample size, coverage CTFP*s* ig still
fairly close to 95%.

For the slightly nonlinear function g(z), coverage of all confidence intervals except C'in¢

is less than 0.95 at some points. For example, at x = 0.4 and 0.6, the coverage of C'I}23"e,

CI*Pst are 0.77, 0.87, respectively. Although it is slightly below than 0.95, coverage of

pms
C'I2Pst ig (.93, and this is consistent with our theory that C'I*°P"s* hounds the size distor-

inf inf

tions even when there are large biases for some polynomial approximations over K € IC,,. In

highly nonlinear function g4(x), CI*P"* does not achieve nominal coverage at point x = 0.5.

At this single peak at x = 0.5, every polynomial approximation has large bias. Possibly poor
coverage property at this point was also described in Hall and Horowitz (2013, Figure 3). In
this case, regression spline seems much better for approximating this local point. Figure 4
shows the coverage probability of Cls using quadratic splines with different number of knots.

As we can see from Figure 4, C'IXP*s* with splines works better to achieve correct coverage

inf

for go(z = 0.4), g4(x = 0.5), and for other different functions as well.
In Figure 5, I compare the length of the five CIs for the polynomial series. In the linear

and nonlinear designs, rank of the length in a narrower order is (roughly) as follows; C' 522" <

C[Robust < (O fRobust — (]« < Clips. This is what we expected as C'I¥1"® is too narrow,

pms inf pms

C'Taxk is somewhat wide because of large variance using K. For the highly nonlinear design,

C1IPust and Cliye become wider at some points where estimates are relatively sensitive

inf

Robust
]inf

across K. Length of C'l.x is similar for gs3(x) or shorter for g4(x) compare than C
Figure 6 compares the length of Cls for the splines, and it shows similar patterns with

polynomial approximation. Given that CIF°P** has a similar or only a slightly wider length
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than the others, we want to highlight that it has better or similar coverage probability at
most points than C'lyax, C 12" and CITPs*, as in Figure 4.

We expect that the coverage probability of C'l,..x can be better when K coincides with
coverage optimal K* that minimizes the distance |P(6y € CI(K)) — (1 — )|, where CI(K)
is a standard CI using K series terms and the normal critical value. However, as I already
emphasized, there is no formal data-dependent method to choose such large enough K*: It
also depends on the sample sizes and unknown smoothness of the underlying function. If K
is smaller than the K*, then C'la.x may undercover because of bias problems. If K is larger
than K*, then C'l,.,x may be too wide because of large variance, or the normal distribution
may be a poor approximation with K in small sample size. In contrast, CIFPU* and Oy

is least affected with those small K with large bias, and performs quite well even in small

sample size.

IRobust

In sum, CI3%%

seems to work well in various simulation experiments. It is the only
method close to nominal coverage and it is least affected by biases. In terms of coverage,
C'I4¢ also performs well but it can be quite conservative. In some simulation results, coverage
of CITePs* is close to the nominal level, thus it is also advisable to report.

In addition to length comparisons, I also provide power of the different test statistics. In
Figure 7, I report power functions of the three different test statistics to test Hy : 6 = 6,
against fixed alternatives Hy : 0 = 0y + § where 0y = go(z) evaluated at some point x. Of
course, the power depends on different point of interest x. I consider two cases where bias
of series estimator for go(z) is small (z = 0.5) and relatively large (z = 0.4). I plot following
rejection probability based on Inf T, (0),Sup 7,,(6), and |Tn(l/(\' ,0)| with appropriate critical
values as a functions of §: (1) P(\Tn(f(cv,@o +0)| > z1_q/2) with [A(CV; (2) P(Inf T, (6y +
5) > ) (3) PNETu(0o +6) > 21aja)i (4) P(SupTo(fo +0) > &): (5) P(Tu(Ker,
0o+ 9)| > &)). As expected, Figure 7-(a) and (b) show that the tests based on Inf T,,(0)
are the only method to control size or bound the size distortions when bias exists for some

Ks.

9 Illustrative empirical application : Nonparametric
estimation of labor supply function and wage elas-

ticity with nonlinear budget set

In this section, I illustrate robust inference procedures by revisiting a paper by Blomquist
and Newey (2002). Understanding how tax and policy affect individual labor supply has

been central issues in labor economics (see Hausman (1985) and Blundell and MaCurdy
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(1999), among many others). Focusing on the conditional mean of hours of work given
the individual budget set, Blomquist and Newey (2002) estimate labor supply function using
nonparametric series estimation. They also estimate other functionals such as wage elasticity
of the expected labor supply and find some evidence of possible misspecification of the usual
parametric model (e.g. maximum likelihood estimation (MLE)).

Specifically, they consider following models by exploiting additive structure follows from

the utility maximization with piecewise linear budget sets.

hi = g(x;) +¢e;, Elei]z;) =0, (9.1)
-1

9(x:) = g1(ys,wy) + [92(% wy, gj) - 92(Z/j+17 wj+17€j)]> (9.2)
1

<

<.
Il

where h; is the hours of the ith individual and x; = (y1,- -, ys, w1, -+, wy, b1, -+, ;) is the
budget set that can be represented by intercept y; (non-labor income), slope w; (marginal
wage rates) and the end point ¢; of the jth segment in a piecewise linear budget with J
segments. Here, I use the similar notations with theirs. Equation (9.2) for the conditional
mean function follows from Theorem 2.1 of Blomquist and Newey (2002), and this additive

structure greatly reduce dimensionality. They consider following power series for g(x)
J—1
k k m(k k k k k
pela) = @131( )w31( )7Z€j ( )(ygz( )w;gz( ) _ yﬁ—(l)wﬁ-(l)))' (9.3)
j=1

Using the data from the Swedish “Level of Living” survey in 1973, 1980 and 1990, they
pool the data from three waves and use the data from married or cohabiting men of ages
20-60. Changes in tax system over three different time periods gives a large variation in the
budget sets. Sample size is n = 2321. See Section 5 of Blomquist and Newey (2002) for more
detail descriptions. They estimate wage elasticity of the expected labor supply

ag(w7"'7w>g7"'7g)]| B

E, = w/h| o™

s (9.4)
which is the regression derivative of g(z) evaluated at the mean of the net wage rates w,
income 7 and level of hours h.

Table 1 is exactly the same table used in Blomquist and Newey (2002, Table 1). They
report estimates Ew and standard errors SEp with a different number of series terms by
adding additional series terms for each row. For example, estimates in the second raw use
the term in the first row (1, y,, w;) with additional terms (Ay, Aw). Here, (™ AyPw? denotes

approximating term ), (7 (yjw? — y%,,wi, ;). They also report cross-validation criteria,
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CV, for each model specification. In their formula, series terms are chosen to maximize CV,
which minimizes asymptotic MSE. In addition to their original table, I also report CI for
each specification. As we can see from the table, it is ambiguous which large K should be
used for the inference. We do not have compelling reason to select one of the large K for
the confidence interval to be reported.

I report proposed robust confidence interval, CIf"*® as well as Cline, CITeP* defined
in Sections 5 and 6. For this, I exploit the covariance structure in the joint asymptotic
distribution of the t-statistics under homoskedastic error; the variance-covariance matrix is
only a function of the variance of series estimators. Therefore, construction of the critical
value using the Monte Carlo method defined in (4.10) only requires estimated variance for
different specifications that are reported in the table of Blomquist and Newey (2002). It is
quite straightforward to construct the proposed CI without any replication of the data sets
in this case and this is one of the computational advantages of our procedure. If we have the
dataset, then we could also implement critical value based on general variance forms under
heteroskedasticity or bootstrap critical value. Using Monte-Carlo method, estimated critical
values are ¢ = (0.9668,¢]"", = 2.4764, respectively.

Robust CI based on the infimum of the t-statistics, C'I3P*s* is [0.0271,0.1111] and this
is quite comparable to the CI with some large K, for example, C'I = [0.0273,0.1045] using
all the additional terms up to the 6th row. Morover, C'IFP*s* is substantially tighter than
Claxx = [0.0148,0.1280] using the largest number of series terms K as well as those based
on the second largest series terms, [0.0214, 0.1336].

C'Iins using normal critical value is [0.0148,0.1384], and this turns out to be the union
of CI with the largest and the third largest number of series terms. Naive post-selection CI
with K., is CIMive = [0.0247,0.0839], and this seems somewhat narrow in this case. CI7ebust

pms pms

widens naive confidence interval to [0.0169,0.0916].

10 Conclusion

This paper considers the construction of inference methods with data-dependent number of
series terms in nonparametric series regression model. New inference methods proposed in
this paper are based on two innovations. First, I provide an empirical process theory for the t-
statistic sequences indexed by the number of series terms over a set. Second, I introduce tests
based on the infimum of the t-statistics over different series terms and show that the tests
control the asymptotic size with undersmoothing condition or bound the size distortions
without undersmoothing condition. Pointwise confidence interval for the true regression

function is obtained by test statistic inversion. To construct the critical value and a valid
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CI, 1 suggest using a simple Monte Carlo simulation based method. In various simulation
experiments, CI based on the infimum t-statistics performs well; coverage is close to the
nominal level and least affected by finite sample bias. I illustrate proposed CI by revisiting
empirical example of Blomquist and Newey (2002). I also provide methods of constructing
a valid CI after selecting the number of series terms by adjusting the conventional normal
critical value to the critical value based on the supremum of the t-statistics. Furthermore, I

provide an extension of the proposed methods in the partially linear model setup.

34



References

ANDREWS, D. W. K. (1991a): “Asymptotic Normality of Series Estimators for Nonpara-

metric and Semiparametric Regression Models,” Fconometrica, 59, 307-345.

ANDREWS, D. W. K. (1991b): “Asymptotic Optimality of Generalized C}, Cross-Validation,
and Generalized Cross-Validation in Regression with Heteroskedastic Errors,” Journal
of Econometrics, 47, 359-377.

ANDREWS, D. W. K. AND P. GUGGENBERGER (2009): “Validity of Subsampling and
“Plug-in Asymptotic” Inference for Parameters Defined by Moment Inequalities,” Econo-
metric Theory, 25, 669-709.

ARMSTRONG, T. B. (2015): “Adaptive Testing on a Regression Function at a Point,” The
Annals of Statistics, 43, 2086-2101.

ARMSTRONG, T. B. AND M. KOLESAR (2015): “A Simple Adjustment for Bandwidth
Snooping,” Working Paper.

ATHEY, S. AND G.W. IMBENS (2015): “A Measure of Robustness to Misspecification,”

American Economic Review: Papers and Proceedings, 105, 476-480.

BELLONI, A., V. CHERNOZHUKOV, D. CHETVERIKOV, AND K. KaATO (2015): “Some
New Asymptotic Theory for Least Squares Series: Pointwise and Uniform Results,”
Journal of Econometrics, 186, 345-366.

BeELLONI, A., V. CHERNOZHUKOV, AND C. HANSEN (2014): “Inference on Treatment

Effects after Selection among High-Dimensional Controls,” Review of Economic Studies,
81, 608-650.

Bromquist, S. AND W. K. NEWEY (2002): “Nonparametric Estimation with Nonlinear
Budget Sets,” Econometrica, 70, 2455-2480.

BLunNDELL, R. AND T. E. MACURDY (1999): “Labor Supply: A Review of Alternative
Approaches,” Handbook of Labor Economics, In: O. Ashenfelter, D. Card (Eds.), vol.
3., Elsevier, Chapter 27.

CALONICO, S., M. D. CATTANEO, AND M. H. FARRELL (2015): “On the Effect of Bias

Estimation on Coverage Accuracy in Nonparametric Inference,” Working paper.

CATTANEO, M. D., M. JANsSSON, AND W. K. NEWEY (2015a): “Alternative Asymptotics
and the Partially Linear Model with Many Regressors,” Working paper.

35



CATTANEO, M. D., M. JANSSON, AND W. K. NEWEY (2015b): “Treatment Effects With
Many Covariates and Heteroskedasticity,” Working paper.

CHAO, J. C., N. R. Swanson, J. A. HAausmMAN, W. K. NEWEY, AND T. WOUTERSEN
(2012): “Asymptotic Distribution of JIVE in a Heteroskedastic IV Regression with
Many Instruments,” Fconometric Theory, 28, 42-86.

CHEN, X. (2007): “Large Sample Sieve Estimation of Semi-nonparametric Models,” Hand-
book of Econometrics, In: J.J. Heckman, E. Leamer (Eds.), vol. 6B., Elsevier, Chapter
76.

CHEN, X. AND T. CHRISTENSEN (2015a): “Optimal Sup-Norm Rates, Adaptivity and
Inference in Nonparametric Instrumental Variables Estimation,” Cowles Foundation

Discussion Paper 1923.

CHEN, X. AND T. CHRISTENSEN (2015b): “Optimal Uniform Convergence Rates and
Asymptotic Normality for Series Estimators Under Weak Dependence and Weak Con-
ditions,” Journal of Econometrics, 188, 447-465.

CHEN, X. AND Z. L1AO (2014): “Sieve m inference on irregular parameters,” Journal of
Econometrics, 182, 70-86.

CHEN, X., Z. L1A0, AND Y. SUN (2014): “Sieve inference on possibly misspecified semi-

nonparametric time series models,” Journal of Econometrics, 178, 639-658.

CHEN, X. AND X. SHEN (1998): “Sieve extremum estimates for weakly dependent data,”
Econometrica, 66 (2), 289-314.

DoNALD, S. G. AND W. K. NEWEY (1994): “Series Estimation of Semilinear Models,”
Journal of Multivariate Analysis, 50, 30-40.

EAsTwOOD, B. J. AND A.R. GALLANT, (1991): “Adaptive Rules for Seminonparametric
Estimators That Achieve Asymptotic Normality,” Fconometric Theory, 7, 307-340.

GALLANT, A.R. AND G. Souza (1991): “On the Asymptotic Normality of Fourier Flexible

Form Estimates,” Journal of Econometrics, 50, 329-353.

HarL, P. anDp J. HorowiTz (2013): “A Simple Bootstrap Method for Constructing
Nonparametric Confidence Bands for Functions,” The Annals of Statistics, 41, 1892-
1921.

36



HANSEN B. E. (2015): “The Integrated Mean Squared Error of Series Regression and a
Rosenthal Hilbert-Space Inequality,” Econometric Theory, 31, 337-361.

HANSEN, P.R. (2005): “A Test for Superior Predictive Ability,” Journal of Business and
Economic Statistics, 23, 365-380.

HARDLE, W. AND O. LINTON (1994): “Applied Nonparametric Methods,” Handbook of
Econometrics, In: R. F. Engle, D. F. McFadden (Eds.), vol. 4., Elsevier, Chapter 38.

HausmaN, J. A. (1985): “The Econometrics of Nonlinear Budget Sets”, Econometrica,
53, 1255-1282.

HausMmAN, J. A. AND W. K. NEWEY (1995): “Nonparametric Estimation of Exact Con-
sumers Surplus and Deadweight Loss”, Econometrica, 63, 1445-1476.

HeEckmAN, J. J., L. J. LOCHNER, AND P. E. TopD (2006): “Earnings Functions, Rates
of Return and Treatment Effects: The Mincer Equation and Beyond,” Handbook of the
Economics of Education, In: E. A. Hanushek, and F. Welch (Eds.), Vol. 1, Elsevier,
Chapter 7.

Horowitz, J. L. (2014): “Adaptive Nonparametric Instrumental Variables Estimation:

7

Empirical Choice of the Regularization Parameter,
158-173.

Journal of Econometrics, 180,

Horowitz, J. L. AND S. LEE (2012): “Uniform Confidence Bands for Functions Esti-
mated Nonparametrically with Instrumental Variables,” Journal of Econometrics, 168,

175-188.

HorowiTz, J. L. AND V. G. SPOKOINY (2001): “An Adaptive, Rate-Optimal Test of a
Parametric Mean-Regression Model Against a Nonparametric Alternative” Fconomet-
rica, 69, 599-631.

HuaNg, J. Z. (2003a): “Asymptotics for Polynomial Spline Regression Under Weak Con-
ditions,” Statistics € Probability Letters, 65, 207-216.

HuANG, J. Z. (2003b): “Local Asymptotics for Polynomial Spline Regression,” The Annals
of Statistics, 31, 1600-1635.

IcHiIMURA H. AND P. E. Topp (2007): “Implementing Nonparametric and Semipara-

metric Esstimators,” Handbook of Econometrics, In: J.J. Heckman, E. Leamer (Eds.),
vol. 6B., Elsevier, Chapter 74.

37



LEAMER, E. E. (1983): “Let’s Take the Con Out of Econometrics,” The American Eco-
nomic Review, 73, 31-43.

LEPSKI, O. V. (1990): “On a problem of adaptive estimation in Gaussian white noise,” Theory
of Probability and its Applications, 35, 454-466.

L1, K. C. (1987): “Asymptotic Optimality for C,, Cf, Cross-Validation and Generalized
Cross-Validation: Discrete Index Set,” The Annals of Statistics, 15, 958-975.

L1, Q1, AND J. S. RACINE (2007): Nonparametric Econometrics: Theory and Practice,

Princeton University Press.

LiNTON, O. (1995): “Second order approximation in the partialy linear regression model,”
Econometrica, 63(5), 1079-1112.

NEwgy, W. K. (1990): “Efficient Instrumental Variables Estimation of Nonlinear Mod-
els,” Econometrica, 58(4), 809-837.

NEwgy, W. K. (1994a): “Series Estimation of Regression Functionals,” Econometric
Theory, 10, 1-28.

NEwey, W. K. (1994b): “The Asymptotic Variance of Semiparametric Estimators,”
Econometrica, 62, 1349-1382.

NeEwey, W. K. (1997): “Convergence Rates and Asymptotic Normality for Series Esti-

mators,” Journal of Econometrics, 79, 147-168.

NEwey, W. K. (2013): “Nonparametric Instrumental Variables Estimation,” American
Economic Review: Papers € Proceedings, 103, 550-556.

NEwEY, W. K. AND J. L. POWELL (2003): “Instrumental Variable Estimation of Non-
parametric Models,” Econometrica, 71, 1565-1578.

NEwEY, W. K. anD J. L. POWELL, F. VELLA (1999): “Nonparametric Estimation of

Triangular Simultaneous Equations Models,” Econometrica, 67, 565-603.

NeEwey, W. K., F. Hsien, J. RoBINS (2003): “Undersmoothing and Bias Corrected

Functional Estimation,” Working Paper.

RoBINsON, P. M. (1988): “Root-N-Consistent Semiparametric Regression,” Econometrica,
56(4), 931-954.

38



RomANO, J. P. AND M. WoOLF (2005): “Stepwise Multiple Testing as Formalized Data
Snooping,” Econometrica, 73, 1237-1282.

SCHENNACH, S. M. (2015): “A bias bound approach to nonparametric inference,” CEMMAP
working paper CWP71/15.

TroOPP, J. A. (2015): An Introduction to Matriz Concentration Inequalities, Foundations
and Trends in Machine Learning, Vol. 8: No.1-2, 1-230.

VAN DER VAART, A. W. AND J. A. WELLNER (1996): Weak Convergence and Empirical

Processes, Springer.

VARIAN, H. R. (2014): “Big Data: New Tricks for Econometrics,” Journal of Economic
Perspectives, 28, 3-28.

WHITE, H. (2000): “A Reality Check for Data Snooping,” Econometrica, 68, 1097-1126.

Znuou, S., X. SHEN, AND D.A. WOLFE (1998): “Local Asymptotics for Regression Splines
and Confidence Regions,” The Annals of Statistics, 26, 1760-1782.

39



A  Proofs

In the Appendix, we define additional notations for the empirical process theory used in the
proof of Theorem 3.1. Given measurable space (5,S), let F as a class of measurable functions
f: S — R. We define N(e, F, Ly(Q)) as covering numbers relative to the Ly(Q) norms,
which is the minimal number of the Ls(Q) balls of radius € to cover F with Ls(Q) norms
1 flloz = ([ |f?dQ)"? and measure ). Uniform entropy numbers relative to Lo are defined
as supg log N(¢€||F||q,2, F, L2(Q)) where supremum is over all discrete probability measures
with an envelope function F. Let the data z; = (g;, ;) be i.i.d. random vectors defined on
probability space (£ = £ x X, A, P) with common probability distribution P = P.,. We
think of (£1,21), - (€,,x,) as the coordinates of the infinite product probability space. For
notational convenience, we avoid to discuss nonmeasurability issues and outer expectations
(for the related issues, see van der Vaart and Wellner (1996)). Throughout the proofs, we

denote ¢, C' > 0 as universal constant that does not depend on n.

A.1 Proof of Theorem 3.1
For any sequence {K(n) = |7K(n)] : n > 1} € [[>2, K, under Assumptions 3.1 and 3.2,

we first define orthonormalized vector of basis functions

Pr(z) = Qi Px(z) = E[PgiPi;) " * P (),
pKi ZpK(-’fEi),]sK = [pKla"'aPKn]/

We observe that

G (z) = Pi(x) (PX PX)"LPK'y = Pre(a) (P PX) 1 PK'y,
Vi (2) = Px(2) Qi Qx Qi P (2) = Py () P (),
Qx = E(PriPyes)-

Without loss of generality, we may impose normalization of Qg = I or Qx = F(Pk;Py;) =
Ik uniformly over K € I, since g () is invariant to nonsingular linear transformations of
Py (x). However, we shall treat Qx as unknown and deal with non-orthonormalized series
terms here.

Next, we re-define pseudo-true value Sk in (2.2), with abuse of notation, using orthornor-
malized series terms Pr;. That is, y; = ]-Z’I’QBK +eki B [ngm] = 0 where ex; = ry; + &5,
ri(z) = go(x) — PK(x)’ﬁK,rKi = rg(x;), and rg = (g1, Trn). We also define @K =

%PK/pK, o? = inf, E[e?|z; = z|,0% = sup, Fle?|z; = x|. We first provide useful lemmas
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which will be used in the proof of Theorem 3.1. Versions of proof of Lemma 1 are available
in the literature, such as Newey (1997), Belloni et al. (2015) and Chen and Christensen
(2015b), among others. For completeness, we provide the results of Lemma 1. Note that
different rate conditions can be used in Assumption 3.2, but lead to different bounds in
(A.1)-(A.3) in the following Lemma 1.

Lemma 1. Under Assumptions 3.1 and 3.2, for any K € IC,,, following holds

~ 222 log K
Qs — Ill = 0, SFAEE (A1)

RK) = [ Pl (O3 — 1) Y (e 1) = 0, MR BE (1 e /D)
(A.2)

J ~ e
RQ(K) = EPK(ZL‘),PK Tk = Op(fKCK). (A3)

To provide (A.1) in Lemma 1, we first introduce matrix Bernstein inequality in Tropp

(2015).
Lemma 2 (Theorem 6.1.1 of Tropp (2015)). Consider a finite sequence {S;} of independent,

random matrices with common dimension dy X dy. Assume that ES; =0, ||S;|| < L for each
i. Let Z =Y. S;, and define

v(Z) = max{||E(ZZ)||, [|E(Z' Z)|]}-

Then,

—t2/2
v(Z)Lt/3

1
E||Z| < \/QU(Z) log(dy + ds) + ngog(dl + dy).

P(||Z]] > t) < (d1 + ds) exp( ) vt >0,

Proof of Lemma 1.

To provide bound in (A.1), we apply Lemma 2 by setting S; = %(ﬁmﬁ}ﬂ — E(Py;Py,)).
Note that ES; = 0, [|Si]| < L = 2(\%4¢% + 1), and v(Z2) = L||B(PxiPy;PriPy;) —
E(Pyi P ) E(Pgi Py)|| < 2(0\%¢% + 1) by definition of A, (x and E(Px;Py;) = Ix. By

Lemma 2, we have

BlI@ic — Till = IS (PP = Tol| < OOy NG Vos )/ + X oK) /)
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Then we have ||Qx — Ix|| = Op (\/A%(% log(K)/n) by Markov inequality.
For (A.2), we first look at the terms , /MJSK( ) (QK — ) PX'c. Conditional on the

sample X = [xy,- -+, x,], this term has mean zero and variance,
1 R .

v Prte) (@R = Ii) PX B 10PN Q4 = Iie) Prcto)
=2 % - .

< T Ple) Qi — 1) Quc (Qi' — Iic) Pit)
52 N R R .

— V—KPK( z)’ (QK — IK) Qx' <QK - [K> Prc(z)
2P ']5 —~ ~

< K(‘l/:l K(-T) /\mam(Q[_(l)H <QK i IK) ||2

= Op(NicCx log(K) /n)

where the first and the last inequality uses Vi < 32Py(x) Px(z), Vk > 0®Px(z) Px(x)

(). 1Qx — Il = Op(V/ 3G oa(K)/m) by (A1) and Aues Q) =
(A max(@ k)"t = O,(1) since all eigenvalues of Q i are bounded away from zero as | Ay (Q ) —
1] < ||QK — IK|| = 0,(1) by (A.1) and Assumption 3.2(iv)-(v). By Chebyshev’s inequality,
we have that

by Assumption 3.2

—Pala) (@R~ 1) P = 0n(y NG tor(K) ).

nVK

Next, consider the terms , /ﬁp;{(a:)’ (@I}l - IK> PX'rj. Observe that H\/Lﬁ S Prirril| =
O,(xcxVK) since

El \/—ZPKerz 17] ZP;‘; wil S ek Bll| Pl P) = ek K. (A.4)
Combining (A.1) and (A.4) yields the results
o Pl (@1 = 1) PX'ril < CIIQR | (@ — I HHWZPMKZII
= 0,( M@m\/ﬁ)

|51 = 1 and using [|Q'[| = O(1).
K
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We now prove (A.3). Consider , /ﬁPK(Jﬁ)'ISK/TK,

PK (x)’pm

E[(\| = Px(x) P¥'rg)*] = E[( V2

rii)’] < (cxlk)?

since E[(PK‘(;C#)Q] = 1 by Assumption 3.2(ii) and E(rg;)* < (fxck)® by Assumption
K

3.2(iii). Therefore, we have (A.3) by Chebyshev’s inequality and using E[Pg;7x;] = 0 from
projection model. This completes the proof. Q.E.D.

Proof of Theorem 3.1. For any m € Il = [rx, 1], we first show the decomposition of the t-

statistic in equation (3.2).
T (m,00) = T,(|7K]. )

n~, = [n
= vﬂpﬂ-(ﬂf) (/BI_WI_(J - 5\_7rl_(j) - vﬂ_rﬂ'

T =, =ik
= Pr(z) PV (e + g )r)

nVy

1 gy L n
+VnV P (z) (QL K| IW?J) P J(5+7“L7rf<y)—\/7ﬂ7‘7r

\/_ Z gl 1/2m£Z + Ri([7K)) + Ro(|nK]) — v/nV, Pry

where R;(K), Ry(K) are defined in (A.2), (A.3).

By Lemma 1, we have Ry (K) = O,(\/ S5 (14-Liccx V) = 0p(1), Ra(K) = Op(Lccr) =
0,(1) for any K = |7K| € K,, under Assumptions 3.1 and 3.2. Therefore we have following

decomposition for any 7 € II
TH (7, 00) = t5(7) — VY r, + 0p(1), (A.5)

where

—IZ Lk (A.6)

™

Now we show weak convergence of the empicial process {t*(-) : n > 1} to the mean zero
Gaussian process T(-) defined in the Theorem 3.1. Let F,, = {f,» : m € II} be a sequence
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of classes of measurable functions f, » : (£ x X) to R indexed by T,

P.(x) P.(t)e _ Plign) (2) Pligr (e

V% () V2 (@)

,(e,8) € E X XL (A.7)

Consider empirical process {t%(r) : 7 € II} = {n V23" | f, (e, 2;) : 7 € 11} indexed by
classes of functions F,, = { f,» : m € II}. We want to show weak convergence of the stochastic
process in the space ¢>°(II) with totally bounded semimetric space (II, p), where p is defined
as p(m,me) = |m — m|. Weak convergence results follows from marginal convergence to
a Gaussian process and asymptotic tightness. We closely follow Section 2.11.3 in van der
Vaart and Wellner (1996) and verify conditions for the asymptotic tightness as in Theorem
2.11.22.

Note that the covariance kernel can be derived as follows

Py, () E(Pr, () Pry ()'€}) Pr, ()
V2V '

Efn,7n fn,ﬂz - Efn,7r1Efn,7r2 - (A8)

This term converges to the claimed covariance function (7, 7). This covariance kernel

can be bounded below and above some constant 0 < ¢, C' < oo for all n,

1/2 r > > > 1/2
7”  Pry (@) B(Pr, (20) Pry(2:)/e}) Pry (1) _ Ve

c<g? <
V7r12/ 2 V7r11/ 2 V7r12/ 2

<C (A.9)

by using 02 Py (z) Pr(z) < Vi < 32P,(x) Py(z) from Assumption 3.2(ii). We also use the
fact that V7r11/ ? = V7r12/ ? = HPRH for any 7, mo under Assumption 3.1 and 3.2.
To show the finite dimensional convergence, by the Cramér-Wold device, it suffices to

show that for any m < --- < mypy,
st —Ls N(0,6'55) V5 € RM (A.10)

Py (2) E(Py i P. £2) P, ()

where ¢ = (t5(m1), ..., t5 (7)), By = iMoo Xjip, Djin = — VI/QV’[}; : . To show
(A.10) we will verify Lindberg’s condition of the CLT for \/Lﬁ o Wi 4N (0,1), where

Wpi = (0'%,6)71/2 Z;\il @-W. Note that Ew,; = 0, and £ >"  FlwZ] = 1, since

E[wiz] = (5/2715)_lalvar<fn(5i7]xi))5 = 13 Whe}"e fn(givxi> = (fn,m (51',1'1'), '-'7fn,7TM(€i7xi>>,'

By Assumption 3.2, we have szj\il @Pﬂj‘(;)mpﬂ o S CgAg. Moreover, (6'%,0)7" < 1.
&

5t
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Therefore, for any a > 0,
1< )
" ZE(|wm'| Hwni| > av/n})
TI'] ﬂ'J’LE’L
S MZE 1/2 "] Z(S 1/2 el > v/

<MZE 1/2 | )SUpE[€ 1{|52| >a(\/_/(CK)‘K)}|xZ_x]

7"]

where the last term goes to 0 under n — oo by Assumption 3.2(ii), since £ [(%)2] =1
for any m and (CgAg)/+v/n = o(1) by Assumption 3.2(iv). Thus, Lindberg condition is verified
and therefore (A.10) holds by Lindberg-Feller CLT and Slutzky’s Theorem. We show that
the finite dimensional convergence to a Gaussian distribution with covariance kernel in the
Theorem 3.1.

Now, we only need to show stochastic equicontinuity. Define a(z, 7) = Py (z)/Va/*(z) =

Pr(w)/||€2/% Pe(x)[|. Note that | fox(e, )| = (e, 7)' Pe(t)e| < C|fan(e, )] < ClelCrrr. We
define envelope function F,(e,t) = | f,1(e,t)| V1. Without loss of generality, we assume that
F, > 1. Note that Ef? =1 for any 7, thus EF; = O(1). Moreover, Lindeberg conditions
can be verified easily as follows. For any a > 0,

B > avi)) = BT e > i/ Geaa)] ()

< sup Elef1{|e;] > a(vn/(CeAg) X = 2] = o(1)  (A.12)
since n = o(1) by Assumption 3.2(ii). Moreover, for every 9,, — 0
(CkAk)/v/n=o(1) by p (ii) : y :

sup E(fn,7r1 - fn,7r2)2 —0 (A13)

p(m1,m2)<0n

since E fox fox, — 1 as p(m, 1) — 0.
P T ~ ~
Define K1, = sup,cy SUp,_zq H||7r—)H where Py_(x) = (Pl&r)41(2);s s DA (). For
sufficiently large 1, K1, < Sup,ex || Pr—r(7)|| < (g A under Assumption 3.1 and 3.2. Also
[V (2) =V (2)]

(7! ]|

define g, = Sup, .
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Then, for any =, 7" € Il = [x, 1] such that 7 < 7/, following holds for sufficiently large n,

olz. VP alz. 1) _ Pﬂ’(m)/pﬂ(t) _ pﬂ(x)/PTr(t)
a(z, @) Pe(t) — oz, ) Pr(t)] = | V) V) | (A.14)
ﬁw/(:t)’ﬁ)ﬂ/(t)—ﬁﬂ( )IIBW( ) ) P 1 _ 1
1 s PW(I)IPW(t) V() = Vo(w)
< (su 1/2 w () Prr e (1)] 4 1/2 1/2 1/2 1/2 A.16
( P (x)|)| (z) ]+ | V) <VW/ (V) v (x)))| (A.16)
< Curnale = 11l + Coliyrgagy sl = 7l (A17)
< CarAgllm’ = 7| + Culg Ag |7 — 7| = Ag Akl — ]| (A.18)

where C1, Cy, C3,Cy, A are some constants do not depend on n. The third inequality uses

the definition of K1, Kan, || sup,(1/|Va’?(@)])Pr—_r(2)|| < 1, and |%§’)@>| < CrAg under
Assumption 3.1 and 3.2. The last inequality uses k1, S (gAg, kan S sup, Vz(z), and

Ve(z) < Viu(z) for any m, 7’ € 1L

From this, we have
| frmr = faml = lea(@, @) Pr(t) — eow, m) Pr(t)| < |e]ACg Ag|ln" — ]| (A.19)

Therefore, the class of functions F,, = {f, : m € II} satisfy Lipschitz conditions, thus it is
VC classes, and this implies that there are constants A,V > 0 such that

sup N (|| || 12y, Fn, L2(Q)) < (A/€)V,0 < Ve < 1 (A.20)
Q

for each n. Then, following uniform-entropy condition holds for every ¢§,, — 0.

on
T(60s Fos L(Q)) = / wogsgpMeHFnHm(Q),fn,L2<@>>—>o. (A21)

Thus, by the Theorem 2.11.22 in van der Vaart and Wellner (1996), we have shown that the
sequence {t! () : m € II} is asymptotically tight in ¢*°(II). Together with the definition of
v(m) = limy, o0 —/nVy ?r. and the equation (A.5), we have T (m,6y) = T(m) + v(m) for
7 € I In addition, if Assumption 3.3 holds, then |\/nVy /*r.| = O(\/ﬁVW_l/QELWRJCLWm) =
o(1) for any m € II. Therefore, T* (7, 6y) = T(m). This completes the proof.

Q.E.D.
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A.2 Proof of Theorem 3.2

Proof. We prove the finite dimensional convergence using similar arguments to those used in
the proof of Theorem 3.1. We repeat this here, as Assumption 3.4 impose different rates of K
compare with the Assumption 3.1. If some elements of |v,,| = 400 under oversmoothing se-
quences, joint distribution of (T,,(K1,6p), -+, T(Kar, 6p))" does not converge in distribution
to a profer bounded random vector. Thus, continuous mapping theorem cannot be directly
applied to obtain asymptotic distribution results. To circumvent this issue, remaining proof
use the same type of argument as in Theorem 1 of Andrews and Guggenberger (2009) in the
moment inequality literature.

By Lemma 1 and similar arguments as in Theorem 3.1, we have following decompositions

forany m=1,2,--- M,
Tn(Kma 00) = tn(m) + Vn(m) + Op(l)

where t,(m) = \/iﬁ Yoy % and v,(m) = —\/ﬁvgi/Qer (x) is defined in Assump-

tion 3.2. To obtain joint asympn‘éotic distribution of ¢, (m), we need to show
't —5 N(0,8'55) V6 € RM (A.22)

Pr (x) B(Pk i Pl ;e2)Pi,(z) . .

J . Similarly
vi2y

K; VK
PKj(x)IPKjiEi

1/2
Vi,

where t, = (t,(1), ... t,(M)), X = im0 Xjin, Zjin

to the proof of Theorem 3.1, we define wy; = (6'%,0)/2 M 4, . Observe that

j=1

Ew,; =0, and 23" | Elw?] =1, and

PORCLLTIIES SR WP
— A lloo KiNK; S SKy\K)y
j=1 VVE; j=1

by Assumptions 3.2 and 3.4. Lindberg’s condition can be verified similarly as in the proof of
Theorem 3.1. Therefore, finite dimensional convergence holds by Lindberg-Feller CLT and
Slutzky’s Theorem.

Next, we let G(-) be a strictly increasing continuous df on R, for example standard normal
cdf ®(-). For any m,

Gum = G(Th (K, 00)) = G(t,(m) + v(m) + 0,(1)).

)
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If [v(m)| < oo, then we have
Grm —2 G(Z + v(m)) (A.23)

by finite dimensional CLT under Assumptions 3.2, 3.4 and the continuous mapping theorem.

If v(m) = 400,
Gpm — 1 (A.24)
since t,,(m) = Op(1), and G(z) — 1 as x — oo, and by CLT. Moreover, if v(m) = —oo
Grm — 0 (A.25)

as G(z) — 0 as © — —oo. Since (A.23), (A.24), and (A.25) holds jointly, following holds for

any strictly increasing continuous distribution function on R, G(-),
Gn= (G, Gom) 4 G = (G(Z14+v(1)), -+, G(Zy +v(M))) (A.26)

where Gy, = G(T, (K, 00)), and G(Z,, + v(m)) denotes G(+00) = 1 when v(m) = +o0,
and G(—o0) = 0 when v(m) = —oc.

Next, we define G~!(-) as the inverse of G(-). For t = (t1,---,ty) € Rf‘i;}l} x R, define
Goan(t) = (Glan), -+ Glaan)) € 0,1 x (0,1). For y = (g1, gar) € (0,17 x (0,
1), define G(_A})(y) = (G Y1), -, G ym)) € ]Rf\i;l} x R. Define also S*(y) for y € (0,
M=% (0,1),

S"(y) = S(G ). (A.27)

Note that S*(y) is continuous at all y € (0,1]~! x (0,1) since S(t) is continuous at all

t e Rf‘i;}] x R. Then, we have

S(Tu(b0)) = S(Gp)(Gn))
= 5"(Gn)
2 5% (Goo)
= S(G(Gx)) = S(Z +v)

where the first equality holds by the definition of G(_A})(-), the second equality uses the
definition of S*. Convergence in the third line holds by (A.26), and the fourth and fifth
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equality uses the definition of S*.
Q.E.D.

A.3 Proof of Corollary 4.1

Proof. Under Assumptions 3.1, 3.2 and sup,, |v(7)| < oo, we have T, (7, 0y) = T(m)+v(m) by
Theorem 3.1. Then, Inf T,,(6y) = infxex, |Tn (K, 0)| = infren |1 (7, 6p)| < inf, T (m)+v ()|
holds by continuous mapping theorem. In addition, if Assumption 3.3 holds, Inf T},(6y) 2
inf, |T(7)| by Theorem 3.1.

For the second part of Corollary, we first define S(t) = inf,, |t,,| for ¢t = (t1,---,ty) €
Rf\i;}} xR. Note that S(t) is continuous at all t € Rf‘igo] x R under Assumption 3.4 (especially,
assumption of at least one |v,,,| = O(1)) by restricting the domain of functions appropriately.

Then, we have
Inf T,(6) = S(T,(6o)) % S(Z + v) = inf | Zy + . (A.28)

by Theorem 3.2. If |v,,,| = 4+00, corresponding elements of |Z,, + v,,| = +00 by construction.
This completes the proof of Corollary 4.1.
Q.E.D.

A.4 Proof of Corollary 4.2

Proof. We first provide (4.3) in Corollary 4.2.1. Under Assumptions 3.1-3.3, we have shown
that Inf 7},(0o) SN §int = infrcpr 1y |T(7)| in Corollary 4.1.1. Therefore,

limsup P(Inf T},(6y) > ™)) = lim P(InfT,(6y) > ™) = P(&n > &™) =

11—«
n—00 n—00

where the first equality holds under subsequence {u,} of {n} by the definition of lim sup,

inf

the second equality uses the Corollary 4.1.1 and the definition of ¢j*, in (4.2). Moreover,

limsup P(Inf 7,,(60) > z1-a/2) = P(&int > 21-a2) < P(|T(7)| > 21-a/2) = a

n—oo

where the inequality uses &in¢ = infrepr 1) |T(7)| < |T(7)| and T(n) < N(0,1) for any single
.

Next, we prove Corollary 4.2.2. Under Assumptions 3.1, 3.2 and sup, |v(7)| < oo, we

49



have Inf 7}, (6)) N inf cpr 1y |T(7) 4+ v(m)| with asymptotic bias v(7). We have

limsup P(Inf T,,(6y) > ™) = P( inf | IT(7) + v(r)| > ™)

-«
n—00 T€[m,1

-«

< inf P(|T(r) + v(r)| > )

— inf[1 — (P(Z < &, — |v(m@))) = P(Z < =, — u(m))))]

™

= inf F(eyl,, [v(m)]) = F(d%,, inf v (7))

where the first inequality uses infrcp 1) |T(7) + v(7)| < |T(7) + v(7)| for all 7, the second
equality uses T(7) L7 ~N (0,1) and the definition of F(-). Finally, the last equality holds

since F'(c, |v|) is monotone increasing function of |v|. Similarly,

n—o0

limsup P(Inf T, (0y) > 21-a/2) = P( ér[lfl] IT(7) +v(7m)| > z1—ay2) < F(21-a/2, ir;f lv(m)]).

Corollary 4.2.3 can be similarly derived with inf,, |v(m)| = 0 under Assumption 3.4 and
using the fact that F(21_4/2,0) = a. This completes the proof. (If we further assume
Y. = Iy in Theorem 3.2, then limsup P(Inf 7,,(6y) > ¢) = H%:MfMﬁl F(c,|v(m)]) holds

n—oo
for any 0 < ¢ < oo, by the independence of Z,,, m = 1,..., M and when |v(m)| = oo for
m=1,---, M — M, since F(c,|v(m)]) =1 for |[v(m)| = 00.) Q.E.D.

A.5 Proof of Corollary 4.3

Proof. Under Assumptions 3.2, 3.3, 4.1, and 4.2, following finite dimensional convergence
holds by Theorem 3.1,

T, () = (To(K1,00), -+, Tu(Kap, 00)) o Z = (Z1,-++, Zn)', Z~N(0,%)  (A.29)

Under Assumptions 3.2-3.4, above also holds by Theorem 3.2. Note that T, (K,0) =
~ 1/2
V/nlk~60) Yff sT,(K,0). Then following holds
v/

V2
(T, 5(K1,00), -, T, 5 (Kar,00)) = AT, (0) — Z (A.30)
Vi il p
by Assumption 4.3 and Slutzky Theorem, where A = diag{‘?T}Q, e ‘71—%}, and A — Iy
K1 Kpr
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Next consider ¢ which is (1 — «) quantile of _ilnf y | Z,, 5| defined in (4.10),

¢ —inf{x € R: P( inf Z,sl <7)>1—a}

m=1, M

where Zg = (Z
J <l

’ ZM,E)/ ~ N(Oai)a ijj =1,X; = ‘7}22/‘7}1({2 Note that for any

512 /21 ,1/2

Vit VVVRE

=12 AR GRS 21 (A.31)
Vi, Vi, Vi Vi,

5

gl =

by Assumption 4.3. Therefore, LN ¥, Zg N Zs, and  inf \Zm§| N 1nf \ng|

m=1,--,M m=

hold. Thus, & 2 ¢inf Q.E.D.

A.6 Proof of Corollary 5.1

Proof. We first show Corollary 5.1.1. Note that Inf 7,,(6y) = mf T, v (K, 0)]| % inf,, | Z |
by Corollary 4.3. We have
liminf P(f, € CT™%) = lim inf P(Inf T},(6) < ¢ + 0,(1))

inf
n— o0 n— 00

—P(lnf|Z |<d)y=1-a

where the first and the second equality holds by Corollary 4.3 and Corollary 4.1.1 under
Assumptions 3.2, 3.3, 4.1, 4.2, and 4.3. Similarly,

liminf P(6y € Cline) = P(inf |Z,] < 21-0/2) 2 P(|Zm| < 212a2) =1 — . (A.32)

n—oo

Corollary 5.1.2 and 5.1.3 can be similarly derived from Corollary 4.2.2 and 4.2.3, respec-
tively. Q.E.D.

A.7 Proof of Corollary 6.1

Proof. Similar to the proof of Corollary 4.3, we can also verify sup |Z 4| N sup | Znxl,

m=1,,M m=1,,

g s &% and Sup T, (6y) = sup T, 5 (K, 0o)| L sup |Z 5| either under Assumptions
m

1—a»
m
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3.2,3.3,4.1, 4.2, and 4.3 or under Assumptions 3.2, 3.3, 3.4, and 4.3. Therefore, we have

liminf P(fy € CI™*) = liminf P(|T, 5(K, 6p)| < &) (A.33)
n—00 n—00 )
> liminf P(Sup T,,(6p) < ") (A.34)
n—oo
=P(sup|Z,y| <d?)=1—-a (A.35)
where the first inequality uses |Tn7‘7(f(, 0o)| < SupT,,(6p) for any K ek, Q.E.D.

A.8 Proof of Theorem 7.1

Proof. Conditional on X = [zy,---,x,], following decomposition holds for any single se-

quence K € K,

Vn(lx — 60) = TSk

~ 1 1
| - "M S = —W'M
K n(W W), Sk 7 k(g+e)

where g = [gla"'agn]/vgi = gO(wi)agw = [gwh'":gwn]/vgwi = gwo(xi) = E[wilxi]vv = [Ulv
... 71}”]‘

Under Assumption 7.1 and conditional homoskedastic error terms, E[v?|z;] = E[v?],
Tx =Tk +0,(1), Tx=(1—K/n)EW] (A.36)

by Lemma 1 of Cattaneo, Jansson and Newey (2015a). Moreover,

1 1 1
Sk = —=v'"Mge + —gi, Mg+ —=("Mgg + g, Mye) (A.37)

NG NG NG
1 n 1 n n
= % Z MKJi'UiEi - % Z Z PK7ij(Ui€j + Ujgi) —+ Op(l) (A38)
=1 i

i=1 j=1,5<1

since Mg ;; = —Pg,; for j < i, \/iﬁg{UMKg = Op(y/nK 9 %w) = 0,(1), \/LE(U’MKg +
g, Mye) = Op(K ™ + K Ymw) = 0,(1) by Lemma 2 of Cattaneo, Jansson and Newey (2015a)
under Assumption 7.1. Under conditional homoskedastic error E[e?|w;, z;] = o2 following
holds

12,4 _ 1
T,(K,00) = vaVie (0 — 6y) = Ve Tt =1/ Mye + 0,(1) 2 N(0,1)
n
by Theorem 1 of Cattaneo, Jansson and Newey (2015a) which follows from Lemma A2 in
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Chao, Swanson, Hausman, Newey and Woutersen (2012).
For simplicity of notation, here we show joint convergence of bivariate t-statistics, but

the proof can be applied to multivariate case. For any K| < K5 in IC,,, we show
51Ta(K1,00) + 65T, (K, 00) -2 N(0, (82 + 62 + 26105012))  V(61,05) € R (A.39)

where v19 = lim,,_, Vlz 2 / VIZ 2 We closely follows the proof of Lemma A2 in Chao, Swanson,
Hausman, Newey and Woutersen (2012). Define Y,,,Y;,, and Y5, as follows

Y, =01Y1n + 02Yon, (A.40)

Yin=wiim+ Z Yi,iny  Ylin = Wiin T Y1,in, (A.41)
=2

Yo = woin + Z Y2,ins  Y2,in = W2in T Y2,in, (A.42)
=2

where Wiin = V;;lﬂFEMKI,ii/\/ﬁ, Y1,in = zj<z~(U1,jPK1,z’jéz“f—ul,iPKw‘ji?j)/\/ﬁa U = VKII/QFKi Vi
and ws i, Yain are similarly defined with appropriate terms Pk,, Vi,, 'k, with Ks. Similar
to the proof of Lemma A2 in Chao, Swanson, Hausman, Newey and Woutersen (2012),
Wi,1n = 0p(1),wa 1, = 0p(1). Thus, we only need to show that following holds conditional on

X with probability one

n

Z(alyl,in —|— 52y2,in> i) N(O, (5% —f- 63 —|— 251521]12). (A43)

=2

It remains to provide Lindeberg-Feller condition.

E[(Z (Slyl,in + 52y2,in)2|X] = 5% Z yl in ’X + 52 Z y2 in |X

=2 1=2

+25152E[Z Z Y1,inY2,in] X1, (A.44)

i=2 j=2

where the first and second terms in (A.44) goes to 07,83 a.s., respectively, as in the proof
of Lemma A.2 in Chao, Swanson, Hausman, Newey and Woutersen (2012). Note that
Elwr inY2,jn| X] = 0, Elws int jn| X] = 0 for all 4, j, and Elw; 1,w2,in| X] = 0, Elwz 1nw1,im| X] =

0 for any ¢« > 1. Followings are the key calculations for the asymptotic variance of leading
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terms in Y,,:

1

EY1 Y| X] = ;Véf/ TR BV My, ev' My, | XDl Vi (A.45)
1 - —

= Vi PTG ot Bl M| XITig Vi, (A.46)

= Vi T o, Tt Vi 2 (A.47)

= Vi’ Vi, (A.48)

where the second equality uses conditional homoskedasticity E[e%| X, Z] = 0% and My, Mg, =
Mfp,, the third equality uses tr(Mg,) = n — Ky and E[v?|X] = E[v?], and the last equality

uses Vi, = afffé. Therefore, we calculate components of last terms in (A.44) as follows

E[Z Z yl,myz,m|X] = E[Yl,nyzﬂX] - Z E[wl,myzm’X]

i=2 j=2 i=2
- Z Elws 1ny1,in| X] — Elwi 1nw2,1] X] (A.49)
=2
= V%2/V[¥2 — E[W171nCL)271n’X] — V12 Q.S. <A50)

Also as in the proof of Lemma A.2 of Chao, Swanson, Hausman, Newey and Woutersen

(2012), we have

n n

> " El(S1y1in + S21.0) 1X] S D Ellran) 1X]+ D El(goin)'|X] =0 as.  (A51)

i=2 =2 =2

Thus, by similar arguments following the proof of Lemma A.2 in Chao, Swanson, Hausman,
Newey and Woutersen (2012), we can apply the martingale central limit theorem. Then,
by Slutzky theorem, joint convergence holds with the claimed covariance. By Theorem 2
in Cattaneo, Jansson and Newey (2015a), Assumption 4.3 holds with the following variance
estimator for Vi

~ ~ 1 " " ~

VK = SQFKI, 82 = m 263, 8? = Z MK,ij(yj — QKUJJ> <A52)

i=1 j=1

Then, we can show the coverage results using similar arguments to those used in the proof
of Corollary 5.1. This completes the proof. Q.E.D.
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B Figures and Tables

a(x)

Figure 1: Different functions of g(z).

Solid lines (Black) are g;(x) = 4x — 1; Dashed lines (Green) are
g2(x) = In(|6z — 3| + 1)sgn(x — 1/2); Dotted lines (Blue) are

g3(z) = sin(Trz/2)/[1 + 22%(sgn(z) + 1)]; and Dash-dot lines (Red) are

ga(z) =2 —1/2 4+ 56(10(x — 1/2)), where ¢(+) is standard normal pdf.
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Figure 2: Plots of F(c,v) as a function of v for ¢ = 1.5, 1.96, 2.4.
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Figure 4: Coverage - Splines
Nominal 95% Coverage of Various Cls for g(x):
(1) CI3zEve with Key (2) Clyaxk With K (3) CTiP* (4) Clins (5) CLR* with Ko,

inf pms
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Figure 5: Length of CIs - Polynomials
Average lengths of nominal 95% Cls for g(z):
(1) C1¥ve with K., (2) Clhyaxk with K (3) CIMPuSt (4) Clipe (5) CIRPt with K.,

pms inf pms
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Figure 6: Length of CIs - Splines
Average lengths of nominal 95% Cls for g(z):

with Key (2) Clpagx with K (3) C

(a) g1(x) = o — 1

e e ’

= = = Cl-Naive |
—e— Cl-maxK |}
CIRobust

Inf

0.4 0.6 0.8 1

sin(7ma/2)

(¢) 93(2) = T2z tsgntaTD

= = = Cl-Naive
—e—Cl-maxK |}

CIRobust
Inf

0.4 0.6 0.8 1

60

(4) Clize (5)

C'IRbust with KK,

(b) g2(z) = In(|62 — 3| + 1)sgn(x — 1/2)

- = = Cl-Naive |}
—e— Cl-maxK |
Robust | £

CIInf

Average Length of Cls

0.8 1

(d) ga(z) = 2 —1/2+ 5¢(10(x — 1/2))

Average Length of Cls

= = = Cl-Naive
—e—Cl-maxK |}
Robust |2

Cllnf

0.8 1



Figure 7: Power function against fixed alternatives. Design 2 :
g2(x) = In(|6x — 3| + 1)sgn(x — 1/2). Hy: 0 =0y vs Hy : 0 = 0y + J, where 0y = go(x) at
x = 0.4 for figure (a) and = = 0.5 for figure (b). Using Polynomials.
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Table 1: Nonparametric Wage Elasticity of Hours of Work
Estimates in Blomquist and Newey (Table 1, 2002). Wage elasticity
evaluated at the mean wage and income

Additional Terms!  CV? B, SEg. Clg.
Ly, wy 0.00472 0.0372 0.0104 [0.0168, 0.0576]
AyAw 0.0313 0.0761 0.0128 [0.0510, 0.1012]

(Ay 0.0305 0.0760 0.0127 [0.0511, 0.1009]

Y%, w? 0.0323 0.0763 0.0129 [0.0510, 0.1016]

Ay?, Aw? 0.0369 0.0543 0.0151 [0.0247, 0.0839]
Yjwy 0.0364 0.0659 0.0197 [0.0273, 0.1045]

Ayw 0.0350  0.0628 0.0223 [0.0191, 0.1065]

?Ay 0.0364 0.0636 0.0223 [0.0199, 0.1073]

Y3, w3 0.0331 0.0845 0.0275 [0.0306, 0.1384]
éAy2,€Aw2,€Ayw 0.0263  0.0775 0.0286 [0.0214, 0.1336]
y?,wj,yJwg 0.0252 0.0714 0.0289 [0.0148, 0.1280]

MLE estimates 0.123 0.0137

Critical values: @™ = 0.9668, ¢]"", = 2.4764
Test Hy : Ey =0, InfTy(6y) = 2.4706 > &
CIRbest — [0.0271,0.1111]

inf

Clige = [0.0148,0.1384], CIFbsst = [0.0169, 0.0916]

pms

L9 : non-labor income, w : marginal wage rates, ¢: the end point
of the segment in a piecewise linear budget set.

2 OV denotes cross-validation criteria defined in Blomquist and
Newey (2002, p.2464).
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C Swupplementary material

The supremum of the t-statistics and confidence intervals uniform

in the number of series terms

In this supplementary material, we consider the supremum of the t-statistics over all series
terms and discuss more about inference methods based on this test statistic. In another
direction, this paper also derives the robust inference method after searching over different
specifications for nonparametric series estimation.

Suppose a researcher reports only ‘favorable’ subset of positive results and hiding large
different specifications which shows overall mixed results or pretending not to search. These
practices may lead to distorted inference and the misleading conclusion if we take variability
of the first step specification search into account. For example, if a researcher computes
many t-statistics and chooses the largest one, then usual standard normal critical value
must be adjusted to control size. The importance of specification search (or data mining/
data snooping) has long been alerted in various other contexts (see Leamer (1983), White
(2000), Romano and Wolf (2005), Hansen (2005), and recent papers by Varian (2014), Athey
and Imbens (2015), and Armstrong and Kolesar (2015)). Considering the supremum statistic
is quite natural to control size of the joint test in multiple testing literature.

Specification search is widely used in estimating the parametric model in a less clear way.
Although, nonparametric series estimation gives systematic way of doing specification search
by restricting domain of search as K € [K, K], little justification has been done, especially
for the inference problems. Here, we introduce the tests based on the supremum of the
t-statistics over all series terms using the critical values from its asymptotic distribution.
We show that this also controls size with undersmoothing conditions. This tests can be
used to construct Cls which are uniform in K that have a correct coverage. That is, all
confidence intervals using the critical value from supremum t-statistics jointly cover the true
parameter at the nominal level, asymptotically. This robust inference method is one way to
improve the credibility of inference by admitting search over large sets of different models in
nonparametric regression and doing some corrections as usual in multiple testing literature.

We consider a following ‘supremum’ t-statistic

Sup T,,(0) :;.ullé) T, (K, 0)]. (C.1)
e n

The supremum of the t-statistics is appropriate in the context of multiple testing, and
is known to control the size of the family wise error rate (FWE). We may consider the

specification search over large sets of K, as simultaneously testing a single hypothesis Hy
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based on different test statistics T,,(K,60) over K € K,. Multiple testing setup is more
natural when we focus on the pseudo-true parameter f, i.e., the best linear approximation
for go(z). One can consider simultaneous testing of individual hypothesis Hg : 0k = 6y vs
Hg @ Ok # 0, for different K € KC,,. Here, controlling FWE corresponds to control following
probability asymptotically, FW E = P(reject at least one hypothesis Hg o, K € K,,) < a.

To derive asymptotic size of the test and coverage of CI based on the Sup T,(0), we first
provide asymptotic null limiting distribution of the supremum statistics analogous to the
Corollary 1 for the infimum test statistic, Inf 7,,(0).

Corollary C.1. 1. Under Assumptions 3.1-3.2 and sup, |v(7)| < oo, SupT,(6p) N
SUDreq) | T(7m) + v(m)|, where T(m) is the mean zero Gaussian process defined in

Theorem 8.1. In addition, if Assumption 3.3 holds, then Sup T, (0) N Eaup =
SUPre[x,1] [T ()|

2. Suppose Assumptions 3.2 and 3.4 hold. In addition, if sup,, |[v(m)| < oo are satisifed,
then Sup T,,(6o) N SUD—1 ... vf | Zm + v(m)| where Z,, is an element of M x 1 nor-
mal vector Z ~ N(0,1y) and v = (v(1),---,v(M)) defined in Theorem 3.2. If
sup,, [v(m)| = oo, then Sup T}, (6y) = oc.

Corollary C.1.2 shows that Sup 7},(6y) converges in probability to infinity under alterna-
tive set Assumption 3.4. This implies that the supremum of the t-statistics can be sensitive
to those oversmoothing sequences (small K') with high bias. Next Corollary provides the

asymptotic size of the test based on Sup 7,,(#) similar to Corollary 4.2.

Corollary C.2. 1. Under Assumptions 3.1-3.3, following holds

lim sup P(Sup T,,(6y) > i) = . (C.2)

n—oo

2. Under Assumptions 3.1-8.2, and sup,, |v,| < oo, following holds

limsup P(Sup T, (6y) > ¢i™,) = F(&™,, sup |v(7)]) (C3)

n—oo

where F(c,|v|) =1— ®(c—|v|) + P(—c — |v|) with standard normal cumulative distri-
bution function ®(-).

3. Under Assumptions 3.2, 3.4, and sup,, |v(m)| = oo, limsup P(SupT,,(6y) > ¢) =1 for
n—oo

any 0 < ¢ < 0.

Contrary to the Inf 7},(0) test statistic,(C.3) in Corollary C.2.2 shows that the test based

on Sup T},(0) can be sensitive to the large asymptotic bias, and this leads to the over-rejection
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of the test. Suppose F(c1™,,q) = a for some ¢ > 0. If sup, |v(7)| > ¢, then the asymptotic
size is strictly greater than . This also can be seen from the results in C.2.3. If |v(m)| = oo

for any m, then the asymptotic size of the test is equal to 1.
Next, we define C'lgy, based on Sup 7,(0) and the critical value ¢;™, in Section 6.
Clup = {6+ sup T, 5(K,0)| <&,
Kek ’

= () 10 1T, (K. 0)| <@} = [sup(Bx — E%,5(0)), inf (B +01%,(01))]

Kekn
(CA4)
Note that Clgyp is an intersection of all CIs in /C,, using critical value ¢;, .
Corollary C.3. 1. Under Assumptions 3.2, 4.1, 4.2, and 4.3,
liminf P(0x € [0 £ T s(0x)] VK € K,) =1—a. (C.5)

n—oo

In addition, if Assumption 3.3 (undersmoothing) holds,

liminf P(0y € Cly,) = liminf P(6y € Clx = [0x £ &™, s(0k)] VK € K,) =1—a.

n—0o0 n—o0
(C.6)
2. Under Assumptions 3.2, 4.1, 4.2, 4.3, and sup,, |v(m)| < oo,
liminf P(0y € Clsy,) <1 — F(2,,sup [v(m)]). (C.7)
n—oo m

3. Under Assumptions 3.2, 3.4, 4.3, and sup,, |v(m)| = oo, liminf P(0, € Cl,,) = 0.
n—oo

By using an appropriate critical value from the distribution of Sup7,(#), (C.5) gives
asymptotic coverage of the uniform confidence intervals over K € K, for the pseudo-true
value 0. (C.6) gives asymptotic coverage probability of Clg,, for the true value 6, with
undersmoothing assumption, which is same as joint coverage of uniform confidence intervals
over K € IC,,.

Corollary C.3.2 and C.3.3 show that the coverage can be sensitive to the asymptotic bias.
Especially, uniform coverage results based on Sup7,,(6) in (C.6) can be highly sensitive to
some small ' € KC has large asymptotic bias, so that the coverage probability can be far

below than the nominal level. Recall that Clg, is constructed by intersection of all confidence
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~su

intervals in /C,, using larger critical value ¢]"*, than the normal critical value. Intersection

—a
can give tighter CI, however, if one of the estimator has a large bias, resulting CI can be
too narrow to cover the true parameter. In worst scenario, intersection can be empty sets
so that the coverage of uniform CIs can be 0. This was formally stated in C.3.3. Under
Assumption 3.4, if |v(m)| = oo for some m then asymptotic coverage probability of Clgp is

exactly 0.

C.1 Proof of the results in Section C
C.1.1 Proof of Corollary C.1

Proof. The first part follows from Theorem 3.1 and continuous mapping theorem similar to
the proof of Corollary 4.1. For the second part of Corollary C.1, consider S(t) = sup,), |t
for t = (t1,- -, ty) similarly as in the proof of Corollary 4.1. We have

Sup T,,(09) = sup |15, (K, 0)| = S(Tn(00)). (C.8)
If sup,, |v(m)| < oo, S(t) is continuous at all ¢ € RM. Therefore, following holds

Sup T, (00) = S(Z + v) = sup | Zp + v(m)] (C.9)

by Theorem 3.2. If |v,,| = +oo for some m, then then |T},(K,,,00)| —= +oo, therefore
Sup T,,(6y) - +oo0. Q.E.D.

C.1.2 Proof of Corollary C.2

Proof. First, we observe that |T},(K, 6| < Sup T, (6,) for any K € K,. Then we have

lim sup P(|T5,(K,0)] > ¢;,) < limsup P(Sup T, (6p) > &™) = P(&up > &%) = @

l—«a
n—00 n—00

by Corollary C.1.1. Next, without assuming Assumption 3.3, we have

limsup P(Sup 7,,(6p) > i) = P( sup |T(7) + v(7)| > ™)

11—«
n—00 m€lm,1]

=1 P( sup ‘T(ﬂ') + V(?T)| < S )

-«
m€(m,1]

> sup[l = P(|T(x) + ()| < Al

11—«

= sup F({%,, [v(m)]) = F (&, sup [v(7)])

™
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where the first inequality uses P(sup,¢p, i |T(7) + v(7)| < 4™,) < P(|T(7) +v(7)| < &%)
for all w. The third and last equality use the definition of F' and monotone increasing
property of F(c, |v|) with respect to |v|.

Next, we consider Corollary C.2.3 under alternative set assumption. If sup,, |v(m)| = oo,

then SupT},(6y) — 400 by Corollary C.1.2. Thus, limsup P(SupT,(fy) > ¢) = 1 since
n—oo

F(c,00) =1 for any 0 < ¢ < 0. Q.E.D.

C.1.3 Proof of Corollary C.3

Proof. This follows from Corollary 4.3 and Corollary C.2 similar to the proof of Corollary
6.1. Recall that the t-statistic can be written as

Vil = 00) a0k —0) | vk
T0(K b)) = Y—= 57— = Y—=5—~ + = (C.10)

First, consider (C.5),

liminf P(0x € [0 £ s(0x)] VK € K,,) (C.11)

Vi(Ox — 0x) Vi(Ox — Ox)

= liminf P — <g?® VK € K,) = liminf P(su — <
(C.12)
=P(sup|Z,| <4?)=1—« (C.13)

where the last equality follows from Theorem 3.1 and Corollary 4.3 under Assumptions 3.2,
4.1, 4.2, and 4.3. In addition, if Assumption 3.3 holds, we have that

liminf P(6y € Clgy) = liminf P(Sup T,,(6y) < &™) (C.14)
n—00 n—00
(=liminf P(|T, (K, 6p)| < &7, VK € K,)) (C.15)
n—00 )
=P(sup|Z,| <4 ) =1-a. (C.16)

This completes the first part of Corollary C.3. The second part can be shown similarly
to the proof of Corollary C.2.2. For the last part, if sup,, |[v(m)| = oo, then liminf P(6, €
Clsyp) = 0 by Corollary C.2.3 and Corollary 4.3. 7HOO

Q.E.D.
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