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Abstract

In this paper, we develop a novel large volatility matrix estimation procedure for
analyzing global financial markets. Practitioners often use lower-frequency data, such
as weekly or monthly returns, to address the issue of different trading hours in the
international financial market. However, this approach can lead to inefliciency due
to information loss. To mitigate this problem, our proposed method, called Struc-
tured Principal Orthogonal complEment Thresholding (Structured-POET), incorpo-
rates observation structural information for both global and national factor models.
We establish the asymptotic properties of the Structured-POET estimator, and also
demonstrate the drawbacks of conventional covariance matrix estimation procedures
when using lower-frequency data. Finally, we apply the Structured-POET estimator

to an out-of-sample portfolio allocation study using international stock market data.

Key words: High-dimensionality, international financial market, low-rank matrix,

multi-level factor model, POET, sparsity.

*Department of FEconomics, University of Connecticut, Storrs, CT 06269, USA. E-mail:
sung_hoon.choi@uconn.edu.

fCollege of Business, Korea Advanced Institute of Science and Technology (KAIST), Seoul, Republic of
Korea. Email: donggyukim@kaist.ac.kr.



1 Introduction

Factor analysis and principal component analysis (PCA) are commonly used for various ap-
plications, including macroeconomic variable forecasting and portfolio allocation optimiza-
tion (Bai, 2003; Bernanke et al., 2005; Fan et al., 2016; Stock and Watson, 2002). Recent
research has highlighted the importance of considering local factors in addition to global
factors. These local factors have an impact on individuals in each local group and can be
defined by regional, country, or industry level (Bekaert et al., 2009; Fama and French, 2012;
Kose et al., 2003; Moench et al., 2013). To account for different level factors, a multi-level
factor structure has been developed. See Ando and Bai (2015, 2016); Bai and Wang (2015);
Choi et al. (2018); Han (2021) for more information.

Several large volatility matrix estimation procedures have been developed based on la-
tent factor models to account for the strong cross-sectional correlation in the stock market
(Ait-Sahalia and Xiu, 2017; Fan et al., 2016, 2018a; Fan and Kim, 2019; Jung et al., 2022;
Wang and Fan, 2017). For instance, under the single-level factor model, Fan et al. (2013)
proposed a principal orthogonal component thresholding (POET) covariance matrix estima-
tion procedure when the factors are unobservable. This method can consistently estimate
unobservable factors using PCA and cross-sectionally correlated errors via thresholding with
a large number of assets. Recently, to account for the latent local factor structure, Choi and
Kim (2023) developed a Double-POET covariance matrix estimation procedure based on the
multi-level factor structure. Specifically, Double-POET is a two-step estimation procedure
that estimates global and national factors separately by applying PCA at each factor level
based on the block local factor structure.

The analysis of international financial markets is crucial for constructing global bench-
mark indices, such as the MSCI World. When analyzing global financial market data, it
is a common practice to use lower frequencies, such as two-day average, weekly, monthly,
or quarterly data, instead of daily returns (Ando and Bai, 2017; Bekaert et al., 2009; Chib

et al., 2006; Choi and Kim, 2023; Fama and French, 2012; Hou et al., 2011). This is be-



cause international stock markets operate at different times, which results in returns being
based on different information sets when measured on any given date over a short period,
such as daily. Hence, practitioners often opt for using weekly or monthly returns to miti-
gate the impact of non-synchronized trading hours in international markets. Choi and Kim
(2023) also used weekly returns to analyze the large global volatility matrix. However, using
lower-frequency data can lead to a loss of information and less efficient estimators. Thus,
it is important to study the non-synchronized trading hours in international markets and
develop an efficient large global volatility matrix estimation procedure.

This paper proposes a novel large volatility matrix estimation procedure that incorpo-
rates observation structural information with an entire set of observations in the global and
national factor model. Specifically, we consider the international financial market and impose
a latent multi-level factor structure to account for both global and national risk factors. To
handle the non-synchronized trading hours in the international market, we assume that the
correlation is stationary with respect to the relative trading hour difference. For example, if
the proportion of the overlapped time goes to one, its corresponding correlation converges to
the correlation of the synchronized time, which is the parameter of interest. This structure
helps theoretically understand the non-synchronized trading hour problem in the interna-
tional market, and we study the large global volatility matrix estimation problem under the
proposed stationary global and national factor model. For example, national factor mem-
bership is assumed to be naturally known, and we further assume that countries within the
same continent have the same information set. To estimate the global volatility matrix, we
first apply the Double-POET procedure in each continental group using daily returns, which
have the finest information in our model setup. To capture the spillover effect between
continents, we conduct a low-rank approximation to each continental pair using a lower-
frequency, which helps mitigate the effect of the non-synchronized trading hours. Finally,
to accommodate the latent global factors, we employ PCA on the structurally fitted global

factor components from previous procedures, which we call Structured Principal Orthogonal



complEment Thresholding (Structured-POET). We derive the rates of convergence for the
Structured-POET estimator under different matrix norms and discuss its benefits compared
to the Double-POET procedure. For example, the Double-POET estimator may not be con-
sistent using daily returns, while the Double-POET estimator with lower-frequency returns
has a slower convergence rate than the Structured-POET estimator. An empirical study
on portfolio allocation also supports the theoretical findings and shows the benefit of the
proposed Structured-POET estimator.

The remainder of the paper is organized as follows. In Section 2, we introduce the model
and propose the Structured-POET estimation procedure. Section 3 provides an asymptotic
analysis of the Structured-POET estimator. In Section 4, we conduct a simulation study
to evaluate the finite sample performance of the proposed method. Section 5 applies the
proposed method to a real data problem of portfolio allocation using global stock market
data. Finally, the conclusion is provided in Section 6. All proofs are presented in the online

supplementary file.

2 Model Setup and Estimation Procedure

Throughout this paper, let A\yin(A) and Apax(A) denote the minimum and maximum eigen-
values of matrix A, respectively. In addition, we denote by ||A||r, ||A|l2 (or ||A|| for short),
|A]l1, ||Allco, and ||Al|max the Frobenius norm, operator norm, l;-norm, /.-norm and ele-
mentwise norm, which are defined, respectively, as [|A |z = tr'/2(A’A), [|[A 2 = Ml (A’A),
[AlL = max; 3, |ai], [|[Alle = max; Y [a;], and [|Allnax = max;;|a;[. When A 'is a
vector, the maximum norm is denoted as ||Al|,, = max; |a;|, and both ||A| and ||A||r are

equal to the Euclidean norm. We denote diag(Ay,...,A,) with the diagonal block entries
as Ay, ..., A,



2.1 Multi-Level Factor Model

We consider a global and national factor model (Choi and Kim, 2023):
Y = UGy + N fltuy, fori=1,...,pt=1,....,T, andl=1,... L, (2.1)

where y;; is the observed data for the 7th individual belonging to country [ at time ¢; G; is
a k x 1 vector of unobserved latent global factors, and b; is the global factor loadings; f
is an r; X 1 vector of unobserved latent national factors that affect individuals belonging to
country [, and )} is the corresponding national factor loadings; and w; is an idiosyncratic
error term, which is uncorrelated with G; and f!. Throughout the paper, global and national
factors are uncorrelated, while their factor loadings may not be orthogonal to each other.
In addition, we assume that the group membership of the national factors is known and the
numbers of factors, k and r;, are fixed.

Due to the known national factor membership, we can stack the observations and write

the model (2.1) in a vector form as follows:

Y = BGt -+ AFt + U, (22)

— (o L'\ I _ / :
where y: = (y; ...,y )", where ¥y = (Ypy4otprs+1ts - - - » Ypy+ipt) and the number of in-

dividuals p; within country /; the p X k matrix B = (by,...,b,)"; the p x r block diagonal

matrix A = diag(A',...,A"), where A" = (M,... AL} is a p; x 7, matrix of local factor
loadings for each [ such that = S°F  7; the 7 x 1 vector F, = (f,..., f'), where f! is an
r; % 1 vector of local factors; and u; = (usy, ..., up)".

In this paper, we are interested in the p x p covariance matrix of y; and its inverse matrix:

¥ = Beov(Gy)B' + Acov(F)A + X, =3, + 3, + X, (2.3)

where 32, is a sparse idiosyncratic covariance matrix of u;. In particular, we measure the



sparsity level of ¥, = (04,;)pxp as follows (Bickel and Levina, 2008; Cai and Liu, 2011;

Rothman et al., 2009): for some ¢ € [0, 1),

my, = max > lowisl?, (2.4)
J<p

which diverges slowly, such as log p. This implies that most pairs are weakly cross-sectionally
correlated in the idiosyncratic error component. Decomposition (2.3) is a multi-level factor-
based covariance matrix. Under the pervasive assumption, there are distinguished eigenval-
ues among the global factor components, the local factor components, and the idiosyncratic
error components. Hence, we can analyze the model by the presence of distinguished eigen-
values at different levels (see Section 2.2). We note that the correlation matrix of y; can be
obtained by

_1 1
Ro = (PO,ij)po =D, ?3D,?, (2-5)

where Dy is the diagonal matrix consisting of the diagonal elements of . Importantly,
the correlation between stocks ¢ and j, denoted by pg,; in (2.5), can be realized through
synchronized observations. However, in the context of the international stock market, each
stock exchange operates its own trading hours. Hence, stocks traded on different exchanges
have distinct observation time points, making it challenging to estimate py ;; if stocks ¢ and j
are not in the same region. To address this issue, we introduce the following model structure.

We represent the ith observations in region s as {y; s, }_1, and ds € [0,1) is the market
close time for s € {1,...,5}. We assume that {(y14+s,,- -, Ypttss) }i>1 is stationary. We
then denote the “estimable” correlation by pj, ;; for assets ¢ and j that are located in regions
s,q € {1,..., 5}, respectively, where the relative time difference h = w%déq' and the window
size of frequency d = T'~ for a € (0, 1]. Finally, we impose the following Lipschitz condition
for ppi;:

|phii — Po,ij] < Ch?, (2.6)



for some S > 0 and a positive constant C. This model setup provides a mathematical
framework to understand a fraction of the global market. For example, from the proposed
model setup perspective, when we use daily return data (i.e., d = 1), ps;; does not converge
to the synchronized correlation pg;;. In contrast, when using lower-frequency data, pp;
converges to pg ;. Thus, in practice, researchers often use weekly or monthly returns instead
of daily returns to mitigate the effect of different trading hours based on daily transaction
prices (Ando and Bai, 2017; Bekaert et al., 2009; Chib et al., 2006; Fama and French, 2012;
Hou et al., 2011). However, this causes inefficiency. We discuss this inefficiency theoretically
in Section 3.

In this paper, for simplicity, we assume that stocks in the same continent have the same
observation time points; hence, regional membership is the continent. Naturally, regional
membership is known. In addition, we assume that the number of regions, S, is fixed. Given
the regional membership, we can stack the observations by country within each continent.

Then, we define the “estimable” correlation matrix as follows:

RO,ll Rh,l? Tt Rh,lS
R, — Rpor Rogoa -+ Rups | 2.7)
| Bnst Rase -+ Ross|

where Ry ss = (00,ij)psxps a0 Rpsg = (Phiij)psxp, for s,q € {1,...,S}. For simplicity, we use
the subscript notation h, which is a function of 7, j, and d. We note that, for s # ¢, R}, s
represents the spillover effect between continents s and ¢, and we assume that its rank is
k%,- Moreover, without loss of generality, each rank is at most equal to the number of global
factors (i.e., k7, < k). We denote the corresponding covariance matrix by 33, = Dé RhDO% .

Let ¥° be the covariance matrix for continent s, which is a ps x ps diagonal block of 3.



We then decompose 3* as follows:

=3 +3¥+3, fors=1,...,5 (2.8)

where 37 is the global factor component, 3 is the national factor component, and 37
is the idiosyncratic component. The equation (2.8) represents the multi-level factor-based
covariance matrix. Thus, when we consider markets that have the same observation time, we
can directly apply the Double-POET procedure proposed by Choi and Kim (2023) with all
possible observations (i.e., d = 1) to estimate the covariance matrix X°. Specifically, we first
employ PCA to estimate X7 using the leading principal components based on the sample
covariance matrix. Then, we apply PCA on each diagonal block of the remainder terms after
removing the latent global factor components. Finally, we apply an adaptive thresholding
method to the remaining idiosyncratic components. The specific algorithm is described in the
online supplement. However, due to the problem of different trading hours, when analyzing
the global stock market, lower-frequency data is often used, which causes inefficiency. To
handle this issue, we propose a novel procedure for estimating large global covariance matrix
¥} in the following subsection, which incorporates the structural information with an entire

set of observations.

2.2 Structured-POET Procedure

Following Choi and Kim (2023), we assume the canonical conditions that cov(G;) = I,
cov(f}) =1,,, and B'B and AA are diagonal matrices for [ € {1,..., L}. We note that G,
and f! are uncorrelated with each other. Let aj,as € (0,1] be the strengths of global and
local factors, respectively. We then impose the following pervasiveness conditions: for each
[, the eigenvalues of p~*B'B and p;“QAl/Al are distinct and bounded away from zero. This
condition implies that the first &k eigenvalues of Beov(G;)B’ diverge at rate O(p™ ), while the

first r eigenvalues of Acov(F;)A’ diverge at rate O(p®*?), where a; > cay. For ¢ € (0,1], we



note that p¢ =< p; for each country [. Also, all eigenvalues of X, are bounded.
To incorporate the structure of the global financial market discussed in Section 2.1, we

propose a Structured-POET procedure to estimate X as follows:

1. For each continent s, we compute the Double-POET estimator (Choi and Kim, 2023)

=~s8,D =~s,D ~s,D =~s8,D .
using 7' observations and denote it as 3 = X + 3%, + X, . The specific
~D ~1D oSD. =D
procedure is described in Appendix A.1. Let X, = diag(3, ,....%, ), ¥, =
1D ~5,D ~D . aLD 5,
diag(¥, ,...,%, ), and ¥, = diag(¥, ,...,¥, ). Then, we construct a block

diagonal matrix

~D ~1,D ~S,D

. ~D =D =D
Y =diag(Xx ..., )=X, +3 +3,. (2.9)

. . . . O _ T« _
2. Given a sample covariance matrix using d-day return data, 3, =77, (v:—9)(y: —
AN A 7; AN A 7l A
y)', we compute the sample correlation matrix Ry, = D, *3,D, ?, where D, is the
diagonal matrix consisting of the diagonal elements of f]h. We denote the sample

correlation matrix Ry, as the following block matrix form:

Rp11 Rpae Rp1s
~ . Rpa1 Ry R 25
Ry = (Phij)pxp =

Rys1 Rpse -+ Russ

For each (s, q)th off-diagonal partitioned block, we conduct the best rank-k7, matrix

L ~ ~ Kt~ ~ . paA
approximation to Ry, such that Oy = >,*4 &u,w], where {&,u;, w;}.>,"" are the

ordered singular values, left-singular and right-singular vectors of Esq in decreasing



order. Then, we define

0 Oy - @15
6 @21 o --- @25
_(:)51 @52 -0 |

~ ~ ~ ~ ~D Al A~ A
3. Let 61 > 09 > --- > d; be the k largest eigenvalues of ¥, = (Eg + D%GD%) and
{0;}%_, be their corresponding eigenvectors, where D is the diagonal matrix consisting

of the diagonal elements of (2.9). The final estimator of 3 is then defined as

~S ~ ~ -~ as
> =V,[,V, +3,, (2.10)

g

~S

~ ~ ~ o~ ~ ~ ~D ~D ~D ~D
where I'j = diag(d1,...,0x), Vg = (V1,...,0), 2p =%, +X,, and ¥, and X, are
defined in (2.9).

Remark 2.1. To implement Structured-POET, we need to determine the rank k7, and the
number of factors, which are unknown in practice. We note that each (s, q)th off-diagonal
partitioned block Ry 4, in (2.7) is a low-rank matrix, and each rank is less than or equal to
the number of global factors (i.e., £}, < k). Thus, to determine the rank and number of
global factors, we can use the data-driven methods proposed by Ahn and Horenstein (2013);
Bai and Ng (2002); Onatski (2010). For example, the rank k7, can be determined by finding
the largest singular value gap such that max;j (é — EH), where k,, = min{p,,p,}. On
the other hand, to consistently estimate k, we employ the modified version of the eigenvalue

ratio method, introduced by Choi and Kim (2023), based on .

In summary, for given continent and country memberships, we apply Double-POET to
each continental block, which incorporates all observations to estimate the national factor
and idiosyncratic components. We then conduct a low-rank approximation to each off-
diagonal block using lower-frequency observations. Finally, we perform PCA on the combined

global factor components obtained from the previous procedures. This procedure is called

10



Structured-POET. Structured-POET efficiently estimates global and local factor components
by utilizing all observations and considering the block structure of the local factors. In
contrast, the Double-POET or POET estimator may not be efficient due to the loss of the
observation structural information. In Section 3.1, we discuss the theoretical inefficiency of
Double-POET. Also, the numerical study in Sections 4 and 5 shows that Structured-POET

outperforms Double-POET and POET.

3 Asymptotic Properties

This section establishes the asymptotic properties of the proposed Structured-POET esti-

mator. To investigate asymptotic behaviors, we require the following technical assumption.
Assumption 3.1.

(i) For some constants ¢ € (0,1], a; € (32, 1], and az € (,1], all eigenvalues of B'B/p™

and AVA'/p}? are strictly bigger than zero as p,p, — oo, forl € {1,..., L}. In addition,
p < p¢, for each country l, and ay > cas. There is a constant C' > 0 such that

Bllmax < € and [|Aflmax < C.

(11) There exist constants Cy,Cy > 0 such that Apin(2.) > C1 and [| 2,1 < Com,,.

(iii) Let d = T~ for a € (0,1). The sample correlation matriz using d-day return data,
AN A _l AN A _l A
Ry, =D, *3yD, *, where Dy, is the diagonal matriz consisting of the diagonal elements

of S =TT (4, — §) (v — §)', satisfies

||ﬁ'h - Rh”max = OP( V 1ng/Ta)‘

() Denote X = (¥;j)pxp- The sample covariance matriz using T observations, > =

T1 ZtT:l(yt -9y —y) = (iij)pxp, satisfies that, for s € {1,...,S},

max ‘im — ;| = Op(\/logp/T).

{i,j}€s

11



Remark 3.1. Assumption 3.1(i) is known as the factor pervasiveness assumption, which is
closely related to the incoherence structure (Fan et al., 2018b). This assumption can hold
in macroeconomic and financial applications and is used for analyzing low-rank matrices
(Bai, 2003; Chamberlain and Rothschild, 1983; Fan et al., 2013, 2016; Lam and Yao, 2012;
Stock and Watson, 2002). Specifically, in the context of a multi-level factor model, global
factors have a broad impact on most individuals, while national factors only affect individuals
within each national group. This illustrates the pervasive condition at different levels in
an intuitive manner. Assumptions 3.1(iii)-(iv) provide a high-level sufficient condition for
analyzing large matrices. The sample correlation matrix with d-day return data serves as the
initial estimator for Ry, in Assumption 3.1(iii). This condition is required to account for the
spillover effect between continents. Here, the correlation matrix is considered to overcome
the amplified scale issue of using the sample covariance matrix based on lower-frequency data
(see Remark 3.3). On the other hand, we can impose the element-wise convergence condition
for each continent using the sample covariance matrix based on all observations (Assumption
3.1(iv)). These element-wise convergence rate conditions are easily satisfied under the sub-
Gaussian condition and mixing time dependency (Fan et al., 2018a,b; Vershynin, 2010; Wang
and Fan, 2017). It can also be satisfied under heavy-tailed observations with bounded fourth

moments (Fan et al., 2017, 2018a,b, 2021).

In addition to the max norm and spectral norm, the relative Frobenius norm (Stein and

James, 1961) is considered as a measure of large matrix estimation errors:
IZ - s =p 2= 2ES 2 — 1| 5.

Note that the factor p~!/2 plays the role of normalization, i.e., || X||s = 1. Under this rela-
tive Frobenius norm, in the approximate single-level factor model, the conventional POET
estimator is consistent if p = o(7?), while the sample covariance does not converge if p > T

(Fan et al., 2013). In the multi-level factor model, the Double-POET estimator is consistent

12



as long as p = o(T?) and }L <c< %, while the POET estimator does not converge if ¢ > %
or p* > T with £ = min{3,2¢} (Choi and Kim, 2023). In Section 3.1, we compare the
convergence rates of Double-POET and Structured-POET.

We obtain the following convergence rates for Structured-POET and its inverse under

various norms.

Theorem 3.1. Suppose that m, = o(p“®*2=3/2) and Assumption 3.1 holds. Let wp =

pi(-atie(i=a2) oo p T 4 1/psa—3+e(302-2) 4 o/ /0273 If mywi? = o(1), we have

~S a log p 1 1
|12 — X||max = Op (a}T + poQ 1)< Ta + T(ka)ﬁ) + p5a14c) ; (3.1)
||(§$)_1 Y = Op [ myw 4 psi-ay, 4 L a1)( log p n 1 >+ 1
P\ Mer TP TP To " T0-8) T a3 |-
(3.2)
In addition, if a; > 4 3 and ay > 3 1, we have
= B =g | I(i—ay)(. [lOgP 1 1
1% =% _OP<mp“T TP e ) prai—§—e

2

2110, lOgP 1 1 m; )
"‘p 2 ( Te + T2(1_0‘)B) + p10a1—177—20 + p50a2—3c—% . (33)

Remark 3.2. wr is related to the estimation of latent local factors and idiosyncratic com-
ponents using 7' observations. The additional terms \/W and 1/T70-%% are the cost
to handle the non-synchronized trading hours, when estimating latent global factors. In par-
ticular, the first term is coming from sub-sampled observations, T = T'/d, while the second

term is the cost to estimate the synchronized correlation matrix Ry. The optimal choice of

28

125> which simultaneously minimizes the convergence rates. This implies that

ais o =
the choice of frequency window d is important in practice. In the numerical study, we use

the weekly data, that is, d = 5.

For simplicity, consider the case of strong global and local factors (i.e., a; = 1 and ay = 1),

13



q =0, and m, = O(1). Then, the proposed Structured-POET method yields

=8 B [log p 1 1 log p 1 1 1
1% —X|x =0p ( Ta + T(1-a)B + pl=c + pe - \/ﬁ< T T T2(1—a),8> T p%72c t pQCfé ’

which can be convergent as long as p = o(T“) and }l <c< %. Similar to the Double-POET

estimator (Choi and Kim, 2023), the upper and lower bounds of ¢ are required to estimate

both global and national factor components.

3.1 Double-POET Using Lower-Frequency Data

In this subsection, we compare the Double-POET method with the proposed Structured-
POET method.

To capture the global factor, local factor, and idiosyncratic components, we can apply
the Double-POET method. However, when considering international stocks, practitioners
commonly use lower-frequency data to minimize the impact of different observation time
points. Let S, =1T° Zgl(yt — Y)(y: — y)" be the sample covariance matrix using d-
day return data. Then, d_lﬁh is used for the initial pilot estimator for covariance matrix
3., since f]h is the amplified estimator by d, which slowly grows (see Remark 3.3). Let
T = diag(gl, . ,gk) and V = (v1,...,0x) be the leading eigenvalues and their corresponding
eigenvectors of d_lih. Next, let ilE be the [th p; x p; diagonal block of EE = d_lih —
VIV’ Let 0! = diag (%}, ..., L) and Pl = (7, ..., 7.,) be the leading eigenvalues and their
corresponding eigenvectors of f)lE Let ¥ = diag(V!,..., VL), & = diag(d',...,dL), and

f]u = d_lih _VIV - 303 Then, the Double-POET estimator is defined as follows:

aD . . . . S ~
where X, is the thresholded error covariance matrix estimator based on 3, = (Tu.ij)pxp

14



(Bickel and Levina, 2008; Fan et al., 2013):

s GP

N =
u w13/ PXP) u,iy

= b)
8ij(Cuig) L(|Ouisl > Tij), 17 ]

where an entry-dependent threshold 7,; = T(3u7ii3u7jj)l/ 2 and s;;(-) is a generalized threshold-
ing function such as hard thresholding (s;;(z) = x), soft thresholding (s;;(x) = sgn(z)(|z| —
7;5), where sgn(-) is the sign function) and the adaptive lasso (see Rothman et al., 2009).

The thresholding constant is determined by 7 < wra, where wya is defined in Theorem 3.2.

Assumption 3.2. Let d = T'™* for a € (0,1). The sample covariance matriz using d-day

return data, S, =T ZtT:al(yt — )y — y)', satisfies

1A', — Zh|lmax = Op(v/1og p/T).

Remark 3.3. Assumption 3.2 is a necessary condition for the analysis of large covariance
matrix inference. This element-wise convergence condition is similar to Assumption 3.1(iii)
in Choi and Kim (2023). However, to match the scale of 3, the sample covariance matrix
using d-day return data, f]h, needs to be divided by d. To illustrate this point, consider the
case when p = 1 and a collection of T i.i.d. random variables, {yi,...,yr}, where y, is a
log-return defined as y; = log x; —log x;_1 and z; is the asset price at time ¢. Assume that y;
has a mean of zero and a variance of 0?. We can obtain lower-frequency data by summing
daily log-returns for each d window size, and this is equivalent to sub-sampling based on the

price data. The variance of the resulting d-day return data is d x o>

. Therefore, we can
compare the estimator 6 /d with the true variance o2, where 6;, = T ZtT:al (y; — 7)? using
d-day log-returns. Using this fact and Assumption 3.1(iii), we can impose the above element-
wise convergence condition. However, Structured-POET does not require this assumption

because it can remove the scale issue by using the correlation matrix and recovering with

daily-based variance estimator D in Section 2.2. In the simulation study, we used d_lih for

15



the initial sample covariance matrix.

Similar to the proofs of Choi and Kim (2023), we can show that Double-POET yields

the following convergence rates.

Theorem 3.2. Suppose that m, = o(p“®*2=3/2) and Assumptions 5.1-3.2 hold. Let wya =

piQran+icizan(\flogp/Te 4 1/T0-0%) 4 1 /pier=s+eGaa=2) 4y, /\/peGa=3) If mywp? =

o(1), we have

=D
1% = Xf|max = Op (wre) , (3.4)

~D . 1 1 1
(=) ==Y, =0p <mpw;;q +opsQe)y, +p3(1_a1)< ogp ) N - ) ‘

To T(1-a)B 3a1—2—c

(3.5)

In addition, if a1 > % and ag > %, we have

S - lo 1
17 = S5 =Op (mywpa? + p -sortocti—e) (B2, )

Te T2(1-a)B
1 m?
5&17170(775a2) 50(1271?507l > ’ (36)
p 2 p 2

We compare the rates of convergence between Structured-POET and Double-POET as

follows. For simplicity, consider m, = O(1), a; = 1, and as = 1, and ignore the log order

28

Trap (see Remark 3.2). Under the relative Frobenius norm

terms. Define the optimal a* =

with a = o, we have

D 1 1 1\¢ 1 1
||E _EHZ:OP(( 8 + +_) + \/ﬁ + 3 + 1>7
2

T plte pe 2 gy
1

T1<2+g6 pz- P

-5 1 1\'¢ 1 1 1

I1S° Sy = Op <—+ : +—> TSR/ N S————
vT p~°¢ p° TTis T8 p2 ¢ p*2

Specifically, when g # 0, Structured-POET achieves a faster convergence rate under the

relative Frobenius norm. This is because utilizing all observations enhances the estimation
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accuracy of each block diagonal matrix. However, when ¢ = 0, the convergence rates of both
estimators are the same. This is because the estimation error of the correlations between
continents dominates the benefit mentioned above. Importantly, we note that this does not
mean that their estimation errors are exactly the same. In fact, based on our simulation
study, we can conjecture that Structured-POET has smaller convergence rates than Double-
POET for ¢ = 0. That is, the relative ratio of the convergence rate of Structured-POET
with respect to that of Double-POET may be less than 1. Unfortunately, due to the complex
upper bound calculations used to handle high-dimensional matrices, we cannot theoretically
show this statement for ¢ = 0. We leave this for a future study. Similarly, under the spectral
norm for the inverse matrix, the convergence rate of Structure-POET can be faster than

that of Double-POET when ¢ # 0.

4 Simulation Study

In this section, simulations are carried out to examine the finite sample performance of the
proposed Structured-POET method. We considered the true covariance as ¥ = BB’ +
AN + %, where each row of B was drawn from N (up, Ii), where each element of up is
i.i.d. Uniform(—0.5,0.5); for A = diag(A!,..., AL), each row of Al for each | was drawn
from N (pat, Ir,), where each element of gy is i.i.d. Uniform(—0.3,0.3). We generated 3,
as follows. Let D, = diag(ds,...,d,), where each {d;} was generated independently from

Uniform(0.5,1.5). Let 7 = (my,...,m,)" be a sparse vector, where each m; was drawn from

N(0,1) with probability \/zgig)gp’ and m; = 0 otherwise. Then, we set X, = D, + 71’ —

diag{n?,...,7>}. In the simulation, we generated ¥, until it was positive definite.
Let D be the diagonal matrix consisting of the diagonal elements of >. We then obtained

the true correlation matrix R = D~3XD "3 = (po,ij)pxp- Next, we set Ry, = (pn.ij)pxp, Where

o - . . . 05
+ 0.5h7) if i and j belong to different continent groups, for h = =

Ph,ij = sE0(p0,i;5) (]P0,

and 3 = 0.75, and py;; = po.; if i and j are in the same continent group. Let {v;,v;}F_; be
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the leading eigenvalues and eigenvectors of ig = D%RhD% — AN —X,. Then, we obtained
B, = VI'z, where I' = diag(y1,...,7) and V = (v1,...,vx). We note that By represents

the non-synchronized structure. Thus, we generated non-synchronized observations by
Y = BrGy + AFy + g,

where G, Fy, and u; were drawn from N (0, I;,), N'(0, I,.), and N (0,3,), respectively.

In this simulation study, we fixed the number of individuals p = 500. We set the number
of continents S = 2 and the number of local groups L = 20 such that each continent group
included 10 local groups (i.e., p; = 25). Also, we chose the numbers of factors as k£ = 3 and
r = L xr;, where r;, = 2 for each local group I. Then, we considered two cases: (i) increasing
T from 100 to 600 in increments of 50 with the size of frequency d € {1,5} (i.e., in-sample
size is T'/d) and (ii) increasing d from 1 to 10 with a fixed 7" = 600. For each case, 200
simulations were conducted.

For comparison, the sample covariance matrix (SamCov), POET, Double-POET (D-
POET), and Structured-POET (S-POET) methods were employed to estimate 3. The
average estimation errors were measured under the following norms: Hfl =3I, Hi — 3|l max;
and ||(§3)*1 — 27|, where 3} is one of the covariance matrix estimators. We note that the
lower-frequency data is obtained by summing the observations with d-day window. There-
fore, for the SamCov estimator and the initial pilot estimator of POET and D-POET, we
used d-'3, (see Section 3.1). For each estimation, we determined the number of factors
for D-POET and POET using the eigenvalue ratio methods suggested by Choi and Kim
(2023) and Ahn and Horenstein (2013), with kpax = 10 and 7. = 10, respectively. For
the S-POET estimation, we chose the number of ranks for each off-diagonal block by the
largest singular value ratio. In addition, we employed the soft thresholding scheme for the
idiosyncratic covariance matrix estimation.

Figures 1 and 2 depict the averages of estimation errors under different norms against
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Figure 1: Averages of | £ —Z||s;, [[(£)"! = X7, and || — || max for the sample covariance
matrix, POET, Double-POET, and Structured-POET against T" with fixed p = 500 and
L = 20. Lines that exceed the upper limits of the y-axis are excluded.

Relative Frobenious norm error 5 Spectral norm error for inverse

Figure 2: Averages of Hf] — X5, H(f])_l — XY, and Hf] — ¥ || max for the sample covariance
matrix, POET, Double-POET, and Structured-POET against d with fixed p = 500, T" = 600,
and L = 20. Lines that exceed the upper limits of the y-axis are excluded.
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T and d, respectively. From Figures 1 and 2, we find that S-POET has smaller estimation
errors than the other methods under different norms. Specifically, in Figure 1, as T increases,
the estimation errors of S-POET and estimators with d = 5 decrease, while the estimation
errors of estimators with d = 1 do not decrease. This is because the estimators with d = 1
actually estimate ¥;, not 3,, and when d = 1, 3 is not close to 3. When comparing the
estimation procedures with d = 5, S-POET shows the best performance. This is because
S-POET can accurately estimate the local factors and idiosyncratic components by utilizing
whole observations, while other estimators utilize lower-frequency observations, which causes
inefficiency. Figure 2 indicates that the estimation errors of all methods dramatically drop
from d = 1 to d = 2, which is consistent with the results shown in Figure 1. S-POET
shows stable results and has the minimum estimation errors when d = 4. In contrast, as the
frequency size d increases, the estimation errors of SamCov and D-POET tend to increase
again due to the smaller sample sizes. That is, the loss of information is severe only when
using lower-frequency observations. From this result, we can conjecture that for a fixed
T, the estimation error resulting from a small sample size with larger d is greater than
the error resulting from the effect of observation time gaps. However, the proposed S-POET
incorporates all available data to estimate the same regional covariance matrices, which helps
enjoy the efficiency. It is worth noting that the estimation errors of POET seem constant
as d increases. This is because POET does not estimate the local covariance matrix, which
may dominate other estimation errors. The above results support the theoretical findings

established in Section 3.

5 Empirical Study

We conducted a minimum variance portfolio allocation study using the proposed Structured-
POET method with global financial data. We obtained the daily transaction prices of in-

ternational stock markets over 15 countries by the total market capitalization. The whole
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Table 1: Distributions of the number of firms

America Asia Europe
United States (US) 221 | China (CN) 100 | United Kingdom (GB) 100
Canada (CA) 100 | Japan (JP) 100 | France (FR) 100
Brazil (BR) 100 | Hong Kong (HK) 100 | Germany (DE) 100
Mexico (MX) 48 | India (IN) 100 | Switzerland (CH) 100
Chile (CL) 31 | Korea (KR) 100 | Sweden (SE) 100
Total 1500

sample period is from January 3, 2017, to December 30, 2022. After excluding stocks with
missing returns and no variation, we picked 1500 stocks for this period based on the market
cap for each country. In particular, we selected 500 firms for each continent and calculated
both daily and weekly log-returns. The distribution of our sample is presented in Table 1.

We computed several estimators, including Structured-POET (S-POET'), Double-POET
(D-POET), POET, and the sample covariance matrix (SamCov) estimators, for each week.
In the case of the S-POET procedure, we used weekly returns to estimate the global factor
component and daily returns to estimate the local factor and idiosyncratic components.
We employed both daily and weekly returns for the other procedures. For all POET-type
procedures, we estimated the idiosyncratic volatility matrix using information of the 11
Global Industrial Classification Standard (GICS) sectors (Ait-Sahalia and Xiu, 2017; Fan
et al., 2016). Specifically, we set the idiosyncratic components to zero for the different
sectors, while maintaining them for the same sector. For a robustness check, we used different
numbers of global factors, k, ranging from 1 to 5 for both D-POET and POET. For D-POET,
we chose the number of local factors using the eigenvalue ratio method proposed by Ahn
and Horenstein (2013) with 7 m.x = 5. In the S-POET procedure, for each off-diagonal
partitioned block, we employed the best rank-one approximation as suggested by the largest
singular value gap method mentioned in Remark 2.1.

We considered the following constrained minimum variance portfolio allocation prob-

lem (Fan et al., 2012; Jagannathan and Ma, 2003) to analyze the out-of-sample portfolio
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Figure 3: Out-of-sample risks of the optimal portfolios constructed by the SamCov, POET,
Double-POET, and Structured-POET estimators for the global stock market.

allocation performance:

minw” Sw, subject to w1 =1, lw|li < e,

w

where 1 = (1,...,1)" € RP, the gross exposure constraint ¢ varies from 1 to 4, and 3 is one

of the volatility matrix estimators obtained from S-POET, D-POET, POET, and SamCov.
At the beginning of each week, we obtained optimal portfolios based on each estimator using
the past 12 months’ returns and held these portfolios for one week. We then computed
the square root of the realized volatility using the weekly log-returns. Their averages were
recorded for the out-of-sample risk. We examined six out-of-sample periods: 2018, 2019,
2020, 2021, 2022, and the full period from 2018 to 2022.

Figure 3 illustrates the out-of-sample risks of the portfolios constructed by SamCov,
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POET, D-POET, and S-POET under varying exposure constraints. To draw readable plots,
we presented the best performing results among k£ = 1,...,5 for each estimator type and
each period. We used subscripts to explicitly denote the frequency of the data used, with
W (blue lines) and D (red lines) representing weekly and daily data, respectively. As shown
in Figure 3, S-POET consistently outperforms the other estimators. Specifically, for all
periods except 2021, S-POET reduces the minimum risks by 4.7%-10.2% compared to the
best estimator among the other methods. When comparing the estimation procedures with
the same frequency observations, D-POET exhibits lower risks than POET and SamCov.
Furthermore, D-POET, POET, and SamCov estimators using daily data tend to have lower
risks than those using weekly data. This may be because, in practice, the impact of estima-
tion inefficiency resulting from the smaller sample size could be greater than that resulting
from the different observation time points. In summary, for portfolio allocation in the global
stock market, S-POET, which incorporates both daily and weekly returns under the spe-
cific observation structure, outperforms POET and Double-POET, which use only daily or
weekly returns. From this result, we can conjecture that the estimation accuracy for the na-
tional factor and idiosyncratic components can be improved using more frequent data (i.e.,
daily returns) for each continent group. In addition, for global factor estimation, using less

frequent data (i.e., weekly returns) can manage the different trading hour problem.

6 Conclusion

In this paper, we introduce a novel large global volatility matrix inference procedure. The
proposed Structured-POET method leverages observation structural information from global
financial markets based on latent global and national factor models. We establish the asymp-
totic properties of Structured-POET and demonstrate its efficiency in estimating a large
global covariance matrix compared to the Double-POET procedure.

In our empirical study, we demonstrate that the proposed Structured-POET estimator
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outperforms the other existing methods in minimum variance portfolio allocation problems.
This is because the Structured-POET procedure accurately estimates the latent national
factors and idiosyncratic components using daily returns. Additionally, using weekly returns
to estimate the latent global factors can mitigate the effect of different trading hours across
markets. Overall, our findings support the effectiveness of the Structured-POET method in

estimating large global volatility matrices.
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Appendix

Double-POET procedure

We decompose the covariance matrix of the sth continent as follows:

=304 B 4 B

Then, each component as well as ¥° can be estimated by the Double-POET procedure (Choi

and Kim, 2023) as follows:

1.

. . . &S . . i A~
Given a sample covariance matrix, 3 , using 7' observations, let {07, 0:})_; be the

. . &S . .
eigenvalues and eigenvectors of 3 in decreasing order. We compute

where T = diag(gf, . ,;5\2) and V' = (V3,...,07).

~1,s X S 5 =s,D
. Define X as each p; x p; diagonal block of ¥, =3 — 3 _ . For the /th block, let

g

~l,s A . . abs . .
k", L, be the eigenvalues and eigenvectors of 35, in decreasing order. Then, we
compute
~s,D ~sasos/
¥, =29 o

where ¥ = diag(U',..., Uks) for W' = diag(r}, ... , kL), and the block diagonal
matrix & = diag(a\)l, e ZI\JLS) for ! = (ﬁl’s, . ,ﬁr’ls) forl =1,2,...,L,, where L, is
the number of countries in continent s.

=8,

A~ 8 S /\S,D D . .
. Let 3, =3 — 3, —3,  be the principal orthogonal complement. We apply the

adaptive thresholding method on iz = (0u,ij)pxp following Bickel and Levina (2008)

and Fan et al. (2013). Specifically, define f]zp as the thresholded error covariance
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matrix estimator:

iS,D . (AS,D AS,D . O—U,ija 1= j

u Uu,ij)psxps7 Ouij = N R o
8ij(Cuig) L (|Cuis| > Ti), @ j

where an entry-dependent threshold 7;; = 7(5,i04.;;)"? and s;(-) is a generalized
thresholding function (e.g., hard or soft thresholding; see Cai and Liu, 2011; Rothman
et al., 2009). The thresholding constant is determined by 7 < wy, where wy is defined

in Theorem 3.1.

4. The final estimator of X? is then defined as

~3,D =~8,D =~8,D =~8,D
= Eg

) I SHEENED >

By using the proof of Theorem 3.1 of Choi and Kim (2023) and Assumption 3.1, we can

obtain the following results: for each continent s € {1,...,S},
asD s 3(1—a1) Su_3 ¢
HEg —EgHmaX:Op(p2 logp/T + 1/p2 ~27°), (A.1)
=~8,D s
15, — Xllmax = Op(wr), (A.2)
=~8,D s
HEu - EuHmax = OP(WT)a (AB)

where wr = p%(17a1)+gc(1fa2) logp/T 4 1/p%a1*%+6(ga2*%) + mp/ /pc(5a273)'

A.2 Proof of Theorem 3.1

We first provide useful lemmas below. Let {d;,v;}’_; be the eigenvalues and their corre-
sponding eigenvectors of 3 in decreasing order. Let {&;,5;}%_, and {&;,7;}£_, be the leading
eigenvalues and eigenvectors of BB’ and flg, respectively, where flg = (if + D%@f?%)
Define ¥y = AA' + X, and let X5, = A'/AY + X be the Ith diagonal block of ¥5. For each

country I, let {x}, 7'}, be the eigenvalues and eigenvectors of 4, in decreasing order, and
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{RE, YLy for ATAY.

By Weyl’s theorem, we have the following lemma under the pervasive conditions.

Lemma A.1. Under Assumption 5.1(i), we have

10: = 0 < |Zpll fori <k, |6 < |2l fori >k,

and, for i < k, 0;/p™ is strictly bigger than zero for all p. In addition, for each national

group l, we have

W= R < I fori < K] < IS fori >,

and, for i <y, KL/pf? is strictly bigger than zero for all p;.

The following lemma presents the individual convergence rate of leading eigenvectors

using Lemma A.1 and the [, norm perturbation bound theorem of Fan et al. (2018b).

Lemma A.2. Under Assumption 3.1(i), we have the following results.

(i) We have
D 2750
e |5 — v < CL=Ell2.
i<k p3lar—z)
(ii) For each national group I, we have
! oo
a7 — ! < Ol
i<r p3(a2_§)
I

Proof. (i) Let B = (by,...,b;). Then, for i < k, & = ||bs||*> < p™ from Lemma A.1 and
; = b;/||bs]|. Hence, ||Ti]|se < ||B|lmax/]|bi]| < C/+/p™. In addition, for V = (o, ..., o), the

coherence ,u(\Nf) = pmax; Zle \7‘2/1@ < Cp'~% | where \~72-j is the (7, j) entry of V. Thus, by
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Theorem 1 of Fan et al. (2018b), we have

D771
WP

5. i < 2(1—(11

I?gakx [0i — villoo < Cp
where the eigengap ¥ = min{d; — 6;11 : 1 <4 < k} and 41 = 0. By the similar argument,
we can show the result (ii). O

Lemma A.3. Let Ry = (Rosq)sxs, where R, is the (s, q)th off-diagonal partitioned block

matriz for s,q € {1,...,S}. Under Assumption 3.1, for s # q, we have

Hésq - RO,qumaX = OP <p%(17a1)( logp/Ta + 1/T(1*a)5)> )

Proof. For s # g, let the singular value decomposition be Ryy, = UZW' = Zfiql Juw;
where k;‘q is the rank of Ry, the singular values are § > & > -+ > fk;q > 0, and
the matrices U = (u1,...,up; ), W = (wy,...,wyy,) consist of the singular vectors. By

Lipschitz condition, |Ry, — Ro|lmax = O(1/T1~%#), and Assumption 3.1 (iii), we have

~ [log p 1
”Rh - ROHmax = OP ( Ta + T(l—oé)ﬁ) . (A4)

Note that Ry, is Kk} -rank matrix for s # ¢ € {1,...,S}. By Weyl’s inequality, we have

~ = log p 1
‘51 - fz’ < “qu - Ro,sq”F =0Op (p( Ta + T(la)ﬁ)) . (A5)

By Theorem 1 of Fan et al. (2018b), we have

) ||qu — RO,Squo < Cp2(17a1) ”qu — RO,qumaX

pal\/]_j pal_l\/ﬁ

5_ 34,/ [lOgp 1
— Op (p2 3 ( Ta + T(la)5)> . (A6)

1T — willoo < Cp*t-a

Similarly, we can obtain the same rate for ||@; — w;||s. Note that |[UZ2|[max = Op(1). By
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(A.5) and (A.6), we have

N[

a1 =1 ol o1 2 =
U= = UE2 [[max < [[UEZ = Z2)|lmax + [(U = U)Z2 || 1nax

= 0p <p%<1—a1>( log p/T* + 1 /T<1—a>ﬁ)> ~o(1)

Then, we have ||I/_\I||max = Op(1/4/p®). Similarly, we can obtain ||\/7\\7||ImX = Op(1//p™).
Therefore, we have

~ A~ AN —/ A~ — ~
O1g = Rosqllmax < JUE = E)W [[max + [[(U = U)E(W = W)'[[ipaxc + 2[[(U = U)EW[[1max

= Op(p™ " |1Z = Ellmax + VP U = Ullunax) = Op (p2 =) (\/log p/T* + 1/T=7)).

m
Lemma A.4. Under Assumption 3.1, for i <k, we have

~ 7 54, ( [logp 1 1
|52 - 51’ - OP <p2 2 < Ta + T(lfa)[g) + )
~ _u log p 1 1
A — S—Fal
15 — @il|o = Op (p do (V22 + s ) +- ) .

1-a)B LYaj—d—c
P’/’OOf. Let ﬁo = (ﬁO,ij)poa where ,5072‘]' =0 if {Z,]} € s, and ,5071']' = P0,ij ifi € S, j € q, and

s # q. By Assumption 3.1 (iv), we have max; \f}” — | = Op(\/logp/T). Then, by Lemma
A.3, we can easily obtain that

(=a)(\/log p/T + 1/T(1_°‘)B)). (A.7)

By using the fact that ig and X, are low-rank matrices, (A.1) and (A.7), we have
16; = 0if < 112 — Zyllr

p? oy logp 1 p?(S—1) . /logp 1
= OP <\/§ (p5(1 D T + p5a1—3—20) + S (p5(1 1)(

To TZ(l—a)ﬂ))
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5(1—a log p 1 1
=Op <p<p2(1 1)( Ta + T(lfa)5>+ Sal—g—c>>'

By Theorem 1 of Fan et al. (2018b), (A.1) and (A.7), we have

H,ﬁz i @i“oo < Cp2(1—a1) ||Eg — EQHOO - Op <p5—121a1( log p + 1 + 1 > '

pa \/]_7 Te T(l—oz)ﬁ) p%al—zl—c

]

Proof of Theorem 3.1. Consider (3.1). Let BB’ = fff‘{/, where T' = diag(dy, . .., ;)

and their corresponding leading k eigenvectors V= (01,...,7). By Lemma A.4, we have

~ o~ ~ ~ ~ ~ ~ ~ ~ o~ o~ ~ ~ o~ o~ ~
VoLV = BB [lmax < [[V(Ly = D)V [lmax + [[(Vg = VIT(Vy = V)'[lmax + 2 VIV = V)| ina

= O0(p""[[Tg = Tllmax + VP [[Vg = V[max)
-~ [log p 1 1
. 5(1—a1)
= O <p < T * T(lfa)[f) + p5a140) ’

In addition, by (A.2) and (A.3), we have |5, — AA[max = Op(wr) and ||Z, — Sullmex =

Op(wr). Therefore, we have

~S ~ o~ ~ ~D =D
“Z - ZHmaX < ”Vgrgvg - BB/Hmax + ||Zl - AAIHmax + ||2u - 2Ju”maux
_ log p 1 1
_ 5(1—aq)
=Or (p 1 (\/ Ta T T(l—a)ﬂ) t o T WT) -

Consider (3.2). Similar to the proofs of (A.22), we can show ||(§;)_1 -3 =

c - =3 QS \/ T
Op(mpw;_q + p2=a2yr). Let H = FQZV;(EE)_IVHF

Q =

and H = f@{f’E;{/f‘g. Using

the Sherman-Morrison-Woodbury formula, we have

S _ =S _
1) =27 < I(Zp) " =25 + A,

~ ~ ~1 —~ ~1 ., ~ ~~1 ~ ~1
where A = [[(S3) "1V, T2 (I, + H) T2V, (£)~! — £V (I, + H)-'T* V'S5, Then,
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the right hand side can be bounded by following terms:

o T T T
Ly = [[(3p)" = B ) VI (I, + H)'T°V 35,
1

~ ~1 ~~l ~ ~1
Ly = ||251(Vgr; ~VI*) (I, + H)'T°VZ,

[SIE

. . - 1
Ly = |5 VD2 (I + H) ! — (I, + H) ) V'S
By Weyl’s inequality, we have Apnin(Eg) > ¢ since Apin(X,) > ¢ and A\ (AA") = 0.
1 . 1
Hence, | X5']| = Op(1). Note that |[VI?| = Op(pTl). By Lemma A.4, we have ||VgI‘g2 —

VI ax = Op(p™' =) (\/log p/T + 1/T0=%) 4 1/p>=4=). Then, we have

~ ~ ~l~/ ~l~/ ’\S o ~ 1
IH - H[| < [(T,V, =TV )(Xy) " (V, Ly — VI

= Q=

1

~1 ~L1 - ~S ~~1 ~1 ~S ~~1
+ T2V, =TV (S,) VI | + T2V () — =) VD

_ ai 1—q U_94 < log p 1 > 1
OP (p MmpwWp ~ +p2 2 T + T(1-a)B + p%(al—l)—c ’

~ ~ ~ 1 ~
Since Amin(Ir + H) > Apin(H) > Anin(Z5)A2,,(VT?) > Op™, we have ||(I, + H)7!|| =

1

a 1
Op(1/p™). Then, L = Op(mywy ?). In addition, Ly = Op(pTlHVgl"; —VI?||) =
Op(pz =) (/logp/T* + 1/T0=28) 4+ 1/p2®=27) and Ly = Op(p®||(L; + H)~* — (I +
1)) = Op(p [} = Op(mok 400 (log o 41/ T0-03) 1 os=4-0)

Thus, we have

9

A = Op(mywi @+ p2 =) (flogp/T® 4 1/T0=8) 4 1 /p2@—37¢). (A.8)

Therefore, we have

T T(A-a)B 2—c

s — c(1— 1101 10 1 1
H(E )—l_zfln =Op (mpw; q+p2(1 a2)wT+p121(1 a1)< gp+ >+p121alg >
(A%9)

S
Consider (3.3). We derive the rate of convergence for ||¥ —X||5x. The SVD decomposition
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of ¥ is

sz><k V/
Y= (Vpxk (I)pw QPX(P—k—T)) W, ol

Op krxph-r ) \ &

Note that €2 is used to denote the precision matrix in Section 2.2. Moreover, since all

the eigenvalues of 3 are strictly bigger than 0, for any maxtrix A, we have |A|% =

Op(p~™)||A||%. Then, we have

127 = Slls < p7 2 (=Y, T, V, - BB)Z 2| 5

FI=TRE] - ANE e+ B TAE, - 25 )

=: Aqg+ A1 + Ag.

By using the fact that S is fixed and proofs of (3.5) in Choi and Kim (2023), we can obtain

lo 1 m
Ap=Op (p%(lfal)ﬂ(l*a?)\/ ;gip t S T oeres cap
p2a1 3 c+Cca2 p 2

m2

U _54,4+5c¢(1—az) log p 1 . >
+p ) T T p5a1*%fc(775a2) + p5ca273c,%

and

~D ~D —
As = Op(p 2|8, = Sullr) = Op(IZ, = Bull2) = Op(mywr ).

We have

Ac=p ||| wbe | (V,T,V, - BB) (VT4 @07} 0o })
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< p V2(|IT7V2V/(V,T,V, — BB)VE V2| o + | @28/ (V,T,V, — BB)®W¥ /2|
+ @ 2Q/(V,I,V, - BB)QO V||, + 2|12V (V,T,V, - BB)&W¥ /2|,
+2|T7V2V/(V,T,V, — BB)QO 2|, + 2| ¥~ /29 (V,T,V, — BB)QO ' 1)

=: Ag1 + Ago + Ags + 2Aq4 + 2A65 + 2A66.

In order to find the convergence rate of relative Frobenius norm, we consider the above terms

separately. Note that T' = diag(dy,...,0;) and V = (vy,...,v;). For Ag, we have

Aen < p V2 (||r*1/2v’(i'fgfgi'f; — VIV)VI V2| + [T V2V/(VIV — BB’)VI"WHF)

a b
=: A(Gl) + Agi
We bound the two terms separately. We have

a — — <7 = < _ _ ~ ~
AG) < p (T VA(VIV, = DT,(V,V = DT 2| p + 2|07 2(V'V, - DT, T2 5

(YT, — D) Y2||p) = T+ IT + I11.
g

By Lemmas A.2 and A.4, we obtain |[V'V, —I||z = [V (V, = V)|lr < [V, — V]r =
Op(pz=2)(\/log p/T* + 1/T1=8) 4 1/p=91=37¢) Then, IT = Op(p° 2% (/log p/T* +
1/T(=)8) 41 /p=2@~4=¢) and [ is of smaller order. In addition, we have 111 < ||1"*1/2(1N"g —
D) 2| = Op(pzt=2) (\/log p/T + 1/T0=B) 4 1/p3®=3-¢ 41 /p1~<2) by Lemma A 4.
Thus, AY = Op(pzt=2)(y/log p/T + 1/T1=8) 4 1 /ps®—5-¢ 4 1 /pm—<2)  Similarly, we

have

AG < p (0 A(VV = DE(V'V = DI )|p 2|07 2(V'V = DIT 2|

F @ VAT -2 ) = I+ 1T + 1T

By sin# theorem, |[V'V —1I|| = |[V/(V = V)| < [V = V| = O(|Zz||/p™). Then, we have
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IT" = O(1/p™~c2) and I’ is of smaller order. By Lemma A.1, we have IT11" = O(1/p® ).

Thus, Ag’i = O(1/p*~*2). Then, we obtain

B I(1—ay) log p 1 ) 1 1
AGI = Op <p2 1 ( To —+ T(l—a)ﬁ —+ Zalfgfc + pal—caz . <A12)

For Ags, we have
Ags < p 2|72V, TV, QO V2| + p 2|©@ 2 VIV QO 2| p = AL + AL,
By Lemmas A.2 and A.4, we have

1QVyl[r =[2(Vy = V)[lr = OBV = Vmax)

= Op(p= "= (\/logp/T* + 1/T1=) 4 1/pT@=57°),
Since Hng = Op(p™), we have
a — - \/ T 2L _10ay [e] —« a1 — L —2¢
AG) < p O IV |3 T, || = Op(p™ % (log p/T™ + 1/T21=2%) 4 1 /pt0e =5 -2),

Similarly, A} = Op(1/p™~57%) because [ V]r = O(/PIV = V]max) = Op(1/p*727)

by Lemma A.2. Then, we obtain

B 21104, (1OgD 1 1
Agz = Op (p2 1( T + T2(1_a)ﬁ> + p10a1—127—20> .

Similarly, we can show that the terms Ago, Ags, Ags and Age are dominated by Ag; and

Ags. Therefore, we have

_ F(1—a1) (, /lng 1 ! L
Ag=0p <p2 ' ( Ta + T(l—a)ﬁ) T pgar%fc + pr—caz

log p 1 1 >

To + T2(1704)B) + pIOal—%—Qc

+p7 10 (A.13)
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Combining the terms Ag, Ay and Ag together, we complete the proof of (3.3). O

A.3 Proof of Theorem 3.2

We provide useful technical lemmas below.

Lemma A.5. Under Assumptions 3.1-3.2, for i < k, we have

0:/6, = 1| = Op (pl““( log p/T* + 1/T(1‘0‘)5)) ,

1

5 log p 1
~ _ - 2—3a1
I8~ il = Op | g 4037 (YR + )

Proof. By Lipschitz condition and Assumption 3.2, we have
1d7'8) = Blmax = Op(y/log p/Te + 1/T1=95), (A.14)
Then, we can obtain the first statement by Weyl’s theorem. We have
d'S, =BB + AN + 3, + (d'S, - %) =BB + Zp + (d'S, — 2).

We can treat BB’ as a low rank matrix and the remaining terms as a perturbation matrix.
Note that || Xg||e = O(p®). By Theorem 1 of Fan et al. (2018b), Lemma A.2, Assumption

3.1 and (A.14), we have

1
||i)\Z _ Uz”oo < C«p2(1—a1) ”EEHOO + C 2(1—ay) Hd Eh — EHmax

- pal\/ﬁ palfl\/ﬁ

log p 1
To + T(l—a)ﬁ)
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Lemma A.6. Under Assumptions 3.1-3.2, for i < r;, we have

7/t = 1] = Op (pBO- 00 (flog p/Te 4 1/T-0%) 4 1/p 53 2ekeme )

1 m
g(l—al)—i—c(g—Sag)( 10gp+ 1 + - P

+
T T(lfa)ﬁ) pT_%J’_C(gaQ_% P

17— nillo = Op | p

Proof. We have
1Zel < JAA| + (B < [[AA]| + O(my) = O(p*).

Let BB’ = {/'f‘{/'/, where I’ = diag(y, . .., 0x) and their corresponding leading k eigenvectors
V = (U1,...,0x). Also, we let I' = diag(dy,...,0,) and the corresponding eigenvectors
V = (vy,...,v) of covariance matrix ¥. Note that ||B|max = H\~7f‘1/2||maX = O(1). By

Lemmas A.1-A.2, we have

1

VI = VI? [ < BT *(02 = T7) s + [ (V = V)T2]

[D2721 /[N [p 2721 %
O —

SOt oW

Hence, we have HVI‘%HmBLX = 0(1) and [|V||max = O(1/4/p™). By this fact and the results

from Lemmas A.1-A.5, we have

IVEV = VIV [l < V(T = D)V [fanae + [[(V = VIT(V = V) [l + 2[VE(V = V||
= O™ T = Tllmax + VI [V = V) = O(1/p 5 ~379),
IVEV = VIV < IVE = DV s+ [(V = VITV = V) s + 2 VIV = VY
= Op(p " I = Tl + VIV = Vi)
Sa1_3_

= Op(p21=)(\/log p/T® + 1/T0=8) 4+ 1/p 2" ~27¢).
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Thus, we have

VIV = BB [lnax = Op (031~ (v/log p/T= + 1/T=%) 4 1/p % 737).

Then, we have

~ ~ ~ o~
||2E - EE“HI&X S ||2h - 2:||111a)( + ||VFV - BB/HmaX

= 0p(p3 =) (log p/T + 1/TO-8) 4 1/p 2 ~37¢),

Therefore, the first statement is followed by (A.16) and the Weyl’s theorem.

N
We decompose the sample covariance matrix 3, for each group [ as follows:

U

S NAY s (S -3k,
Then, by Theorem 1 of Fan et al. (2018b), Lemma A.2 and (A.16), we have

! = !
2(1—a2) | B + (Bg — 3E) |l
17— il < Cp20-e 1Zut (Bp — 2

b \/Di

~1
< Op2(1—a2) HELHOO + Op2(1—a2) HEE - EéEHmax

= l p;lz \/]Tl l pgz—l \/E

g(l—a1)+0(g—3a2)( 10gp_|_ 1 +

1 my

(A.15)

(A.16)

= OP p 5aq

(e — )
T TO-e)s) T %

Proof of Theorem 3.2. We first consider (3.4). We have

SFE — ANl = max [FFE = AN

+
—%-{—0(3(12—% p3c(a27%)

For each group I, let A'AY = PP where ! = diag(k!, ..., I_ifn) and the corresponding

eigenvectors ® = (71, ..., 7). In addition, let W = diag(s!, ..., K,
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to be the leading eigenvalues and the corresponding eigenvectors of 4., respectively. Then,

we have

1 ~ o~ 1 ~ 1 1 ~ 1 ~ 1
8012 — @B e < AT (U T+ [~ B
||El Iy DA

= pl /p;)ag -3

~ ~ L
Since || Al max = [|PU? || max = O(1), H(IDZ\IIZ%HmaX = O(1) and ||®|max = O(1/+/p}?). Using

this fact and results from Lemmas A.1, A.2 and A.6, we can show

=o(1). (A.17)

[BTE — BUD s < OB = W + Vo B — @) = Olimy/ /),

HZISZCI}Z(’I;I/ i (qujlq)llnmax < Op(pl—aQH\I,l ! ”max + /p?QH(I)l (I)leax
— §(1—a1)+§c(1—a2) logp 1 1 my
Op <p2 ? (\/ T + T(lfa)/ﬁ) + p%m—%-&—c(gaz—%) T pc(5a2—3) )

By using these rates, we obtain

|BTD — AN ||

_ S(1—a1)+3c(1—az) logp 1 1 My
OP ( 2 2 ( Te + T(l—oa),B) + pgalf%Jrc(%agf%) T pc(5a273) '

y (A.14), (A.15) and (A.18), we then have

120 = Sullmax < 147 Sh = 2l + [[VEV' = BB ||y + [T D — AN ||

. 3(1—a1)+2c(1—a2) Ing 1 1 Myp
= OP <p2 Ve ’ (\/ T + T(l—a)ﬂ) + p%al—% (5a2—7) T pc(5a2—3) )

(A.19)
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~D ~
By definition, ||X, — 3, |lmax = max;; |5;;(0;;) — 04| < max;; 7,; = Op(7). Then, we have
~D
|12, — Zullmax = Op(T + wra) = Op(wra), (A.20)

when 7 is chosen as the same order of wye = p%(l_“l)Jrgc(l‘“?)( log p/Te + 1/T0~8) 1
1/psm—ite(Gaa—g) 4 my/+/p°®®2=3). Therefore, by the results of (A.15), (A.18) and (A.20),

we have
~D ey ’ ey / oD
HE - 2||max < ‘|VFV - BB ||max + H‘I)‘I’(I) —AA Hmax + ||2u - Eu”max = OP(WTO‘)-

Consider (3.5). Similar to the proofs of Theorem 2.1 in Fan et al. (2011), we can show
)

12, — Bulls = Op(mywra?). In addition, since Apin(By) > 1 and mywpa? = o(1), the

minimum eigenvalue of f]f is strictly bigger than 0 with probability approaching 1. Then,

we have

D

u

D

. oD S -
(= )_1 - 2171H2 < Amin(zu)_lnzu - ZUHW\min(Eu)_l = OP<mpw71“aq>‘ (A.21)

~ A~ A~/ ~

S D SIS -1 £(1—az)
Define ¥, = ®¥® + 3 . We first show that ||(X5)~!' — X5 || = Op(pz"'"wre +
mywra?). Let J= ﬁliil(if)_liﬁiﬁ and J = {IVIEEIV)/E;I&){IVI? Using the Sherman-Morrison-

Woodbury formula, we have
~D. B ~D. _
1(Zp)™ = SE < I(Z) ™ =20 + Av,

~ ~~ L —~ ~L1 _; ~ ~ ~ 1 ~ ~ 1
where Ay = [|(S) 1 @TX(L, + 1) 182 (5.) " — S16U(L, + J) ' ® S, Then,

the right hand side can be bounded by following terms:

~ ~ 1 ~ ~ 1
Ly = () = 5;H)@8° (1, + 3)7 9 &5,

o~~~ L
Ly = ||S;(®0° — ¥

N[

~ ~ 1 __
)L +3) R,
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~ ~ 1 —~ ~ ~ 1
Ly = |S'®®° (I + ) — (L + H HE’ 32 1.

l
12

1 o~ o~ L o~ 1 —~ 1
By Lemma A.6, [|[®'0!2 — &2 | . < [|AIW! 2(\1112 U2 || pax + [|(®F — PHYL2 || oy =

Op(wra), and by (A.17) and (A.21), we then have

[

|2®* | < max @ B = Opl(vi),

188 - 37| < max VST — & | = Op (VPowra)
and
T3] < 1878~ &2 () (8% — 8%

+ H(\iﬂ@' SR (E) R+ R () - 5,8

u

<1 1—
= Op(p? (It+a2) + p“mywra?).

Since Amin(Lr + J) > Anin(J) = Auin(S2 DAL (®®2) > Cp2, we have ||(I, + J

min ||
1
2

)"
Op(1/p@2). Then, Ly = Op(mywia?) by (A.21). In addition, Ly = Op(p==2/?|@W> —
~~1 . ~ ~ ~ o~
PP’ () = Op(p2!'~*wra) and Ly = Op(p2||(L+J) ' —(L+3)7'[[) = Op(p~2(|J-J) =

Op(pz1=wra + mywra?). Thus, we have
Ay = Op(p2 1D wpa 4+ mywpa?), (A.22)

which yields H(”’)—1 ~ 22| = 0p(p5 R wpa + mywha?).
1 1
Let H = I‘ ' (E ) 1VI‘2 and H = I‘QV/E;JIVI‘Q. Using the Sherman-Morrison-

Woodbury formula again, we have

D _ D _
IE) " =27 < I(Zp) " = 25| + Ay,

~ ~~1 ~L1 ~~1 ~ ~L
where Ay = [[(£p)'VE? (I, + BTV () — SV (I, + B T2 V'S,
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Weyl’s inequality, we have A\puin(Xg) > ¢ since A\pin(X,) > ¢ and Api(AA’) = 0. Hence,
IZ5] = Op(1). By Lemmas A.1-A.5, we have [[VT? VT2 [l = Op(pi1-a)(,/log p/To+
1/T(=)8) 4 1/p391-2-¢). Similar to the proof of (A.8), we can show Ay = Op(mywia? +
pP-a)(\/logp/T> + 1/TU=8) + 1/p3©=2=¢).  Therefore, we have H(ip)_l -3l =

Op(mywra” + p2 = wra + p1=) (\/log p/T + 1/TC8) 4 1/pP4=27¢).
Consider (3.6). We derive the rate of convergence for ||f]D —3||g. The SVD decomposi-

tion of X is

| IR \'%
Y= (Vp><k: (prr pr(pfkfr)) \Ilrxr P’
Opr-rxph-n) \¥

Note that €2 is used to denote the precision matrix in Section 2.2. Moreover, since all

the eigenvalues of 3 are strictly bigger than 0, for any maxtrix A, we have ||A|% =

Op(p~H)||A|%. Then, we have

~D AN s~/
I£7 = Sl <p™ (IS A(VIV - BB)S ™2
LIS A@ER — AN)E e+ S - SR

= A(;/ + AL/ + AS’
and
12 aP oP 1-q
Ag = 0p(p~ 72, = Zullr) = Op(|Z, — Zull2) = Op(mpwra”).
We have

r =V
Ao =p || wie | (VIV - BB) (VI owt go?)

e :

F

<p V2(ITVAVI(VEV = BB)VT Vo 4 | & 1/28/(VIV — BB)@W /2|,
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+ @ 2 (VIV' — BB)QO 2| + 2T />V/(VIV — BB)&¥ '/,
+2|T V2V (VIV — BB)QO /| p 4 2| ¥ /&' (VIV — BB)QO /|| 5)

= AGII + AGQ’ + AGS’ + 2Ag4/ + 2AG5’ + 2AG6"

In order to find the convergence rate of relative Frobenius norm, we consider the above terms

separately. For Agy/, we have

Ay < p 12 (||r-1/2v’(\7f\7” — VIV)VI 2| p 4 T V2V/(VIV — BB’)VF—1/2||F)

a b
= AGY + AG).
We bound the two terms separately. We have

A(C?i/ < p*1/2(|’[‘—1/2(V/{/' — I)f‘({}/v B I>1—1—1/2HF + QHI\—I/Q(V/{/ B I>fr_1/2||F

+|(C7VAC = D)0 Y2)|p) = [+ 11 + I11.

By Lemma A5, [[V'V —I||p = |[V/(V = V)|[r < |V = V]|l = Op(p**=)(\/log p/T* +
1/T0=8) 4 1/p3a=2=¢). Then, II is of order Op(p3(1’“1)*%(\/w + 1/T(=8) 1
1/p3@-2)=¢) and I is of smaller order. In addition, we have IT1 < |[T-Y*[T — I)I~'/?| =
Op(p*~(y/logp/T* + 1/T1=*P)) by Lemma A.5. Thus, A(c?i’ = Op(p~®(\/logp/T* +

1/T0-)F) 4 1/p3(a1*%)*c). Similarly, we have

Ag’i, < p—1/2(”r—1/2(vfx~f _ I)f‘(\~7’V B I)F_1/2HF 4 2HI‘_1/2(V’\~7 _ I)fT_I/QHF

+ @@ -2 ) = I - IT 4 11T,

By sin# theorem, |[V'V —1I|| = |[V/(V = V)| < [V = V| = O(|Zg||/p™). Then, we have
IT" = 0O(1/p™~c2) and I’ is of smaller order. By Lemma A.1, we have IT1]" = O(1/p® ).
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Thus, Ag’i, = O(1/p*~*). Then, we obtain

_ log p 1 1 1
_ 1—a
Agr = Op (p ( To + T(l—a)ﬁ) T p3(a1—%)—c - pal—caz> ’ <A23)

For Ags, we have
Agy < p 2@ 2QVIV' QO 2||p + p /2|©@ 2 VIV QO /2| p = ALY, + AL),.
By Lemma A.5, we have
IV r = [Q(V-V)|r = O(V/BIV=V |max) = Op(p*" = (\/log p/To+1/T"~F)41/pn~27¢),
Since ||| = Op(p™), we have
AL < p PO VZIT] = Op(p" /7 (log p/T* + 1/T21-9%) 41 /pPor7/22¢),

Similarly, A%, = Op(1/p*1~727%) because [ Q2'V]|p = O(/P| V= Vllmax) = Op(1/p* =2
G3

by Lemma A.2. Then, we obtain

1 g, logp 1 1
Acy = Op (p 2o Ta Tt T?(l—a)ﬁ) + p5a1—§—20) '

Similarly, we can show that the terms Ago, Agy, Agsy and Age are dominated by Agy

and Ags. Therefore, we have

_ log p 1 1 11 log p 1 1
_ 1—a 5a
AG/ - OP (p 1( T + T(l*a)ﬁ) + pa1*ca2 T2 1( T + T2(1701)5) + p5a1—%—2c

(A.24)
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Similarly, we consider

Ap=p 2| | g-te | (BTD — AA) (Vr*% U3 Q@’%>

F

~ A~/

<p 2(ITTVAV/( @S — AN )V + |20 (20D — AN )BT 2|,
+]|0 V2 (dFD — AN)QO 2|5 + 2|72V (2D — AN )BT ||
+ 2TV @TB — AN)QO T + 2 2P (BT — AN)QO2 )

=: A+ Apy + Ay + 2804 + 2015 + 2016
For Ay, similar to the proof of (A.24), we have

Ay < p /2 (||x1r1/2<1>’(<i>\iui>’ — VP )OU 2|+ T2 (dTD AA’)<I>\IF1/2HF>

—. AW A®)
T . L2/ —"_ L2/-
We have

A <p 2 (|e V2 (@'d - DS — 1)U 2|, + 2T 2(D'd — )T 2|,

| (OV2(® — @)UV ) = T+ IT+ 111,

By Lemma A 6, we have |01 —&7 ||z < /P75 ]| 97— 7| max = Op (p3(-a+3eli=az)( flog p/To+

5aq

1/TO=8) 41 /p st —5teBaz=d) Ly /pe(e2-2)) - Because ® and ® are block diagonal matrices,

we have
G
1 — @l =) (1o — 7|3
j=1
_ _ _y logp 1 1 m?
_ 1—c(,.5(1—ay1)+6¢(l—a2) p
- OP (p (p ! ’ ( Ta + T2(1—a)ﬁ) + p5a1—3+2c(3a2—4) + p2c(3a2—2)) ’
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Then, IT is of order Op<pg(1—a1)+c(g—3a2)( /1ng/Ta + 1/T(170¢)5) + 1/p%a1—%+c(3az—%) +
m,/pP@=2)) and I is of smaller order. Also, I1] = Op(p2d-a)+el=a)(, /logp/Te +
1/T0-08) 41 /piar—3-2¢+ea) by Lemma A.6. Thus, A, = Op(ps(i-en+e(i=a2)(| /log p/Te +

1/T0=8) 4 1/p%a1—%_25+0“2 + mp/p?’c(a?_%)). Similarly, we have

AL <p (e @S - DE (@D — DO p 42w 2@ - T2

F (V2 - OOV ) = I T T

By sin# theorem, |[®'® —I|| < ||® — ®| < max; |07 — i < O(m,/p®?). Then, we have
IT" = O(m,/p®) and I’ is of smaller order. By Lemma A.1, we have I1I' = O(m,/p®?).

Thus, Ag, = O(m,/p°*). Then, we obtain

S(-an)teli—a) (, /108D 1 ! m
Ay =0p <p2(1 Vel 2)( Ta + T(lfa)ﬁ) + p%m—%—Qc—i—caz + pcapz ) (A25)

For Ars, we have

Ay <p 207238 D QO 2|y + p 2OV 2UBTB QO 2| = ALY, + AP,
Since ||¥|| = Op(p=2), we have

Ay <p PlO7IR(@ - @)[7¥

2
_ 150, 450(1—az) (108 P 1 1 m,
=0Op (P 2 ( To + T2(1—f¥)5) + p5a1_%_c(7_5a2) + p5ca2_3c_% .

Similarly, by Lemma A.2, A, = Op(m2/pPee2=3¢71/2) because B — B p < /75| —
B [|ax = O(my/pC22) and ||} < [|@—B|F = 27, |7 =P7 ||} = O(m /p*eD1),

Similarly, we can show A1/, Ary, Ay and Arg are dominated by Ao and Ays. Therefore,
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we have

log p 1 1 m,

T« T(lfo‘)ﬁ) T pgal—%—Qc—o—cag + peaz

AL/ — OP (pg(l_al)‘f'c(l—ag)(

1 m}%
5a1—%—c(7—5a2) > : <A26)

Scaz—3c— %

+ p%*5a1+50(17a2) (logp + 1

7ot i)

p P

Combining the terms A/, A and Ag together, we complete the proof of (3.6). O
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